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Abstract

Beilinson’s theorem [Funct. Anal. Appl. 12 (1978) 214-216], which describes the bounded derived category of coherent
sheaves oi", is extended to weighted projective spaces. This result is obtained by considering, instead of the usual category
of coherent sheaves, a suitable category of graded coherent sheaves (which is equivalent in tH&'¢abe ofe thisarticle:
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Résumé

On étend aux espaces projectifs a poids le théoreme de Beilinson [Funct. Anal. Appl. 12 (1978) 214-216], qui décrit la
catégorie derivée bornée des faisceaux cohéreni®’s#our obtenir ce résultat on considere, au lieu de la catégorie habituelle
des faisceaux cohérents, une certaine catégorie de faisceaux cohérents gradués (qui lui est équivalente dafé)lPoas de
citer cet article: A. Canonaco, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
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Version frangaise abrégée

Soit K un corps. Poun € N et w= (wp,...,W,) € Nﬁ’fl, on notera Pw) (ou simplement P) 'anneau de
polindmesK[xo, ..., x,] gradué par deg;) = w;, et P(w) := ProjRw) (ou simplemenft?) I'espace projectif a
poids w. On définit aussiv| := Y7 _ow;. Si X = ;.4 X4 est un objet gradué et sie Z, on désigne pax (i)

I'objet gradué défini pakX (i)y := X;4+q Vd € Z.

Le théoréme de Beilinson (voir [2] ou [3]) donne des équivalences @ftt€oh(P")) (la catégorie derivée
bornée des faisceaux cohérents Bly et deux catégories homotopes de modules. De fagon plus précise, soit
P=P(,...,1) (c'est I'algébre symétrique de;Pet soit A I'algébre extérieur du dual de;PSi A est un anneau
gradué, on désigne pit(, »)(A) la sous-catégorie pleine de la catégorie demodules graduéslod (A) définie
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par les objets qui sont sommes directes finies de modules de la fogfig@oura < j < b. On considére aussi les
deux ensembles suivants de fibrés vectoriel$8ur

0:={0pm(j)|-n<j<0}, D:={2L()10<j<n}.

Théoreme 0.1(Beilinson).Les foncteurs additifs naturelsl[_, g (P) — Coh(P") et M[_, g(A) — Coh(P")
(définis sur les objets, respectivement, Paf) — Opn(j) et A(j) — QE,T,J(—j) pour —n < j < 0) s’étendent a
des équivalences exactes entre catégories triangulées

Fp:K?(M{—y,0/(P)) > D”(Con(P")),  Fa:K’(M[_s0/(4)) — D”(Coh(P")).

De plus, pour tou® € D?(Coh(P")), il existe un unique complexe bor(g isomorphisme de complexes prés
X* = X*(G°*) (respectivemen® = Y*(G*)) isomorphe &* dansD” (Coh(P")), tel que chaqué’ (respectivement
Yi) soit une somme directe finie de faisceauxad@espectivemend), et qui soit minimal. Explicitement on:a

= P op(—Hex HY (PG 2L()). Y= 20 exH (P, (-)).
0<j<n 0<j<n

On noteraP = P(w) le «schéma gradué » suivanP:est un espace annelé avec le méme espace topologique
quelP, mais avec un faisceau structural grady&= @ ., Or(d). On peut considérer alors la catégdvied (P)
des faisceaux d@z-modules gradués. 3if € Mod(P), soitM™ := DM@ € Mod (P) le faisceau gradué
associé. On dit qué € Mod(P) estlocalement libres'il est localement isomorphe & un faisceau de la forme
B, c; Op(m;) et qu'il est unfibré vectoriels'il est localement libre de rang fini. On dit qdeestcohérents’il est
localement isomorphe au conoyau d’un morphisme de fibrés vectoriels. On désigbehgRy la sous-catégorie
pleine deMod (P) définie par les faisceaux cohérents.

Proposition 0.2.Le foncteur naturel—q: Coh(P) — Coh(P) (défini sur les objets paff — Fo) est exact et
essentiellement surjectif. Il est une équivalence de catégories si et seulementsj. .., 1).

Les modules des syzygiessyzf € Mod(P) du complexe de Koszuk*® de la suite réguliergx, ..., x;)
permettent de définiQ% := (Syz/)~ pour 0< j < n. Au lieu de O and D, on considére les deux ensembles
suivants de fibrés vectoriels sBr.

0:={05() | —Iwl < j <O},  D:={05(j)|n—Iwl<j<0}U{2l()|0<j<n}.

A partir de K* on définit aussi des complexes bornés de fibrés vectdﬂ@ﬁ pour —|w| < j < 0 etNy; () pour

n —|w| < j < 0. Enfin, on désigne pﬁ]a,h[(P) la sous-catégorie pleine déod (P) définie par les objets qui sont
sommes directes finies de modules de la forrg Poura < j < b ou Syz/(j) pour 0< j < n. Le théoreme de
Beilinson peut étre alors généralisé comme suit.

Théoréme 0.3La restriction de™ : Mod(P) — Mod (P) induit des foncteurs additifél (1 w/.0;(P) — Coh(P) et
Mi.—wi.0o{(P) — Coh(P). lls s’étendent & des équivalences exactes entre catégories triangulées
Fp:K*(Mp—jw,0/(P) — D?(Coh(P)),  Gp: K®(Mpujw,0oi(P)) — D’ (Coh(P)).

De plus, pour toutF® € Dh(Coh(]P)) il existe un uniqgue complexe bor & isomorphisme de complexes prés
DC‘ X*(F*) (respectivemerif® = Y*(F*)) isomorphe &* dansD? (Coh(P)), tel que chaqué&’’ (respectivement
Yi) soit une somme directe finie de faisceauxad@espectivemenb), et qui soit minimal. Explicitement on:a
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XY= @ 0pt)exH (P.F M)

—wi<j<0
Y= P 0siexH (P eN,) P L) ex H (BT ().
n—|w|<j<0 0<j<n

1. Introduction

We will work over a fixed fieldK. Givenn € N and w= (wo, ...,W,) € NTl, we will denote by Pw) (or
simply by P) the polynomial ring[xo, ..., x,] graded by deg;) = w;, and byP(w) := ProjRw) (or simply
by IP) the weighted projective space of weights w (of coudey) =P" ifw = (1,...,1)). If I € {0, ..., n}, we
define|w;| :=}"; ., w;; we will also write|w| instead ofwig_... »;|.

If X =&P,.; Xa is a graded object (module or sheaf, in our case)iand, the twisted objeck (i) is defined
by X (i)g := Xita ¥d € Z. If Y* = (Y, d},.: Y/ — Y/*1) ;5 is a complex (in some additive categoky, ¥ °[i]
will denote instead the shifted complex definedityi]/ := Y/*/ and cL.[l.] = (—1)id’Y“f/. An object ofA will be
regarded as a complex concentrated in position 0.

Beilinson’s theorem (see [2] or [3]) gives equivalences betw@&(Coh(P")) (the bounded derived category
of coherent sheaves di') and two homotopy categories of modules (see [7] or [8] for definitions and main
properties of homotopy, derived and triangulated categories), showing in particul@’tt@oh(P")) is generated
(as a triangulated category) by each of the following two sets of vector bundles:

0:={0m(j)|-n<j<0},  D:={2L(j)10<j<n}.

More precisely, let B=P(1, ..., 1) (it is the symmetric algebra ofiPand letA be the exterior algebra of the dual
of P;. Moreover, ifA is a graded ringM, 51(A) will be the full subcategory of the category of gradédnodules
Mod(A) whose objects are finite direct sums of objects of the fdry) fora < j <b.

Theorem 1.1(Beilinson). There are natural additive functorM[_,,,p](P) — Coh(P"), M[_p.0;(A) — Coh(P")

(defined on objects, respectively,By) — Opn (j) and A(j) — QIPT,/(—j) for —n < j < 0). They extend to exact
equivalences between triangulated categories

Fp:K"(M{_y0/(P)) = D?(Coh(P")),  Fs:K’(M[_u0/(4)) — D”(Coh(P")).

Moreover, giverG® € D?(Coh(P")), there exists a uniquép to isomorphism of complexesounded complex
X* = X*(G*) (respectivelyy® = Y*(G*)) isomorphic tag® in D?(Coh(P")), such that eaci’ (respectivelyy?) is
a finite direct sum of sheaves 6f(respectivelyD), and which is minimal. Explicitly,

X'= @ op(-Hex HH (PG @2L(). Y= 2uL0)exH ™ (@5 (-)).
0<j<n 0<j<n

The difficulties in trying to extend this result to a weighted projective sfpgag mainly come from the fact that
the sheaves of the fortipw)(j) are not always invertible and there is in general no way to define twist functors
so that they satisfy all the usual properties. In order to overcome such problems it is useful tol&mganith
a (natural)Z-graded structure sheaf and to replace the categories of ordinary sheaves with categories of gradec
sheaves. This allows us to obtain a good generalization of Beilinson’s theorem (much better than our previous
version [4]). A similar approach (with the main difference that the graduation is over an Abelian group depending
on w, and not over) is used in [1], where however only a part of Beilinson’s theorem is generalized (namely, the
fact thatFp is an equivalence).

Proofs will be omitted or only sketched (full proofs are given in [5] and will appear elsewhere).
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2. The graded weighted projective spac®(w)

Having fixed we N, we will denote byP = P(w) the following “graded schemeP is a ringed space having
the same topological space las= P(w), but with a graded structure she@f := @ ., Op(d). It is then natural
to consider the (Abelian) categobod (P) of sheaves of gradeliz-modules, which is much better-behaved than
Mod (P) (the usual category of sheaves@f-modules), essentially because the natural twist functokéad (P)
satisfy all the expected properties: for instance, they are exadi andj) = (i + j) Vi, j € Z. Moreover, if M is
a graded P= P(w)-module, one can define the associated sheaf of gragemodules as™ = Dy M),
andthenM (i)~ = M~ (i) Vi € Z.

Definition 2.1. A sheaf of graded-modulesT is locally freeif it is locally isomorphic to a sheaf of the form
D,c; Op(m;) (wherem; € Z); if |1] is finite and constant] is said to be ofank|I|. A locally free sheaf of finite
rank will be also called &ector bundleA sheaf of gradedz-modulesT is coherentf it is locally isomorphic to
the cokernel of a morphism of vector bundles.

We will denote byCoh(P) the full subcategory ofMod (P) consisting of coherent graded sheaves.
Proposition 2.2.The natural exact functoro: Mod(P) — Mod (P) (defined on objects by — Fo) admits left
and right adjoints

05 ®0, —:Mod(P) — Mod(P),  Home,(Op, —):Mod(P) — Mod (P)

(defined on objects b§{0s ® o, 9)a := Op(d) ®op G, Home,p(0p, 9)a := Hom e, (Op(—d), §) Vd € Z), which
satisfy —g o (U5 ®o, —) = —0 0 Home,(0p, —) = idmod(p). Moreover,—g sendsCoh(P) into Coh(P) and
05 ®o, — andHom v, (9p, —) sendCoh(P) into Coh(P).

Proposition 2.3.The functor—q : Mod (P) — Mod(P) is an equivalence of categoriés which casels ®op —
andJom o, (05, —) are isomorphic, exact and quasi-inverse-gf) if and only ifw = (1, ..., 1). The same is true
for the restriction—q : Coh(P) — Coh(P).

Proof. To prove the “if” part it is enough to show that, givéhe Mod (P"), the natural mals, @om Fo— F
is an isomorphism, which is an easy consequence of the fact that every stélk, afontains an invertible

element of degree 1. Conversely, we can assuge W, and thenM := P/(x1, ..., x,)P € Mod(P) is such that
0+# M (1)~ € Coh(P), but(M(1)™)o=M1)~=0. O

SinceMod (P) has enough injective¥F € Mod (P) we can consider the right derived functorsﬁg(ﬂt, —) of
Hom,vm@(i —). Inthe cas¢J = O, EX%(O@, —) will be denoted byH! (P, —).

Proposition 2.4.There are natural isomorphisnig! (P, ¥*) = H' (P, F) VF* e Dt (Mod (P)).

3. Beilinson’s theorem onP(w)

We definek*® to be the Koszul complex (of graded P-modules) of the sequenge. ., x,): denoting by
dx; (for 7 € {0, ...,n}) elements of degrelev; |, K* is given byK/ = @ ;__; Pdx; = @, —_; P(—|w;|) with
differential

di i KJ — Kit1
de = Ziel(—l)l{i/51|i/<i}|xi d)C[\{,'}.
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As (xp,...,x,) iS a regular sequencé&*® is exact everywhere,iexcegt thHO(K *) = P/(x0, .. S x)PE=K (in
degree zero) We will consider also the sheafificafin= (K*)™: is an exact functor an&™ = 0, X* is

an exact complex. Let moreovsyz/ := kerd,—({ and.Q’ (Ssz)N = kerd;(f im d;Cj._l. Therefore we have
short exact sequences

— i~ j—1
o_>9%_>g< T= P op(—Iwil) > 2L >0, 1)
11=j

from which it is easy to see tha:% is locally free of rank(;f) (notice thatQ% =0p andQ% = Op(—|w))).

Remark 1. The sheaves%(i)o onP (which are not locally free in general) are denotedﬁ)é/(i) in [6], and they
are the usua!?én(i) ifw=(@,...,1).

The sets0 and D of vector bundles o will be replaced by the following sets of vector bundlesfon

0:={0p(j) | —Iwl < j <0},  D:={0p(j) In—wl<j<0bu{Rl(j)|0<j<n}.
Lemma3.1.1f L,Me OorL,Me D, thenExt%(L,M) =0fori > 0.

Proof. Using long exact sequences of Ext induced by (twists of) short exact sequences of the form (1), one can
reduce to prove the vanishing of some ]—ilﬁﬂﬁ(l), Q%(j’)). Then the key point is that)(/) being invertible,
Ex&(05(), Q%(j/)) = H (P, Q%(j’ —0) = H(P, Q%(j/ —1)o) by 2.4 (these cohomology groups were computed
in[6]). O

Definition 3.2.For —|w| <[ < 0 letM?,, be the subcomplex &K*(—!) definedv; € Z by

@)
My= B op(-l-wil) S @ Op(~ —Iwil) =K (=)
[1==], Iwr|<—I =—j
and forn — |w| <1 <0 IetiN(,) be the subcomplex ok*(—1) definedv; € Z by

N]

= P, Op(—1—wil) € @ Op(—1 — wil) =%/ (=)

H|==j, Wrl<—l—j [|=—j
(M(Z) andiN;,) are subcomplexes &t*(—1) becauseﬁ o z)(M(z)) C M{l“)Ll and @C.(_,)(N{,)) C N(jl;rl). We set
aIsoN('l) = 0p(=D[I]for0<I < n.

Lemma 3.3.Let&; := Op(j) if n — |w| < j <0and&; :=£2/(j) if 0< j <n. Then

(1) A (B, M3, (j)) = 8,.48i0 for —w| < j, I <OandVi € Z;
(2) n' (P, ZN(,)®8 )=238;8;0forn —|w| < j, I <nandVieZ.

We will denote byﬁ]a,h[(P) the full subcategory oMod(P) whose objects are finite direct sums of graded
P-modules of the form@) fora < j <b or Syz/(j) for0< j < n.

Theorem 3.4 Restricting™ : Mod (P) — Mod (P) induces additive functoid 1 _w.o;(P) = Coh(P), M, _ (.o (P)
— Coh(P). They extend to exact equivalences between triangulated categories

Fp: K®(Mp1_jw,0/(P)) — D’ (Coh(P)), Gp: K?(My— w0 (P)) — D?(Coh(P)).
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Moreover giveng® € D”(Coh(]P’)) there exists a uniqugup to isomorphism of compleyelsounded complex
= X*(F*) (respectivelyy® = Y*(F*)) isomorphic taF* in D?(Coh(P)), such that eaci’ (respectivelyy’) is
a flnlte direct sum of sheaves 6f (respectivelyD), and which is minimat. Explicitly,

XY= & oph)exH P F M),
—|w|<,;<0
= P oshexH @I N P 2L0)ex H ([B.5°(-)).
n—|w|<j<0 0<j<n

Proof. Fully faithfulness of Fp and Gp is a formal consequence of 3.1 (see [2] or [3]), whereas essential
surjectivity corresponds to the fact th& and D generateD? (Coh(P)) as a triangulated category. Now, by
Hilbert's syzygy theorenD? (Coh(P)) is generated by th®3(j) (j € Z), and the exactness 6{* implies that

Iw| consecutive of them are actually enough, so thajenerateD’ (Coh(P)). From this and from the definition

of 22 (]) it is also easy to see th@ generate’ (Coh(P)), too. Then it is a standard fact th&t andy® exist
unlque and using 3.3 one can show that they must have the claimed farm.

Remark 2. If w = (1,...,1), this result coincides with 1.1 (taking into account the equivalence of 2.3, the
isomorphism of 2.4 and the fact thM' |s isomorphic ta? L(DITin D?(Coh(P"))), except that, in order to

identify Gp with Fy, it is also necessary to consider the equivalence betigen g;(A) andM]_l,o[(P) (given
by A(—j) = Syz/ (j)).

Remark 3. Given §* € D?(Coh(P)), by 2.2 there exists (in general not uniqug) € D”(Coh(P)) such that
§* = J3, whenceX*(F*)o andY*(F*)o are (minimal) resolutions o§*® (but they are no more unique, unless
w=(1,...,1).

References

[1] D. Baer, Tilting sheaves in representation theory of algebras, Manuscripta Math. 60 (1988) 323—-347.

[2] A.A. Beilinson, Coherent sheaves @& and problems of linear algebra, Funct. Anal. Appl. 12 (1978) 214-216.

[3] A.A. Beilinson, The derived category of coherent sheaveB'brSelecta Math. Soviet. 3 (1983-84) 233-237.

[4] A. Canonaco, A Beilinson-type theorem for coherent sheaves on weighted projective spaces, J. Algebra 225 (2000) 28—46.

[5] A. Canonaco, Beilinson resolutions on weighted projective spaces, Preprint, 2001.

[6] I. Dolgachev, Weighted projective varieties, in: Proc. Vancouver 1981, in: Lecture Notes in Math., Vol. 956, Springer, 1982, pp. 34—71.
[7] R. Hartshorne, Residues and Duality, in: Lecture Notes in Math., Vol. 20, Springer, Heidelberg, 1966.

[8] J.L. Verdier, Des catégories derivées des catégories abéliennes, Astérisque 239 (1996).

1 Here minimal means that in the differential of the complex no morphism Beuty) to Op(j) or from Q%(j) to Q%(j) is an isomorphism.

This implies that each morphism frofiz(j) to Op(j) is 0, whereas morphisms from%(j) to .Q%(j) are nilpotent, but not necessarily 0
(they are O ifw=(1,..., 1)).



