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Abstract

We consider the infinite convolved Bernoulli measures (Bernoulli convolutions) related toβ-numeration. A Markovian matrix
decomposition of these measures is obtained whenβ is a Pisot number whose associatedβ-shift is of finite type. We study the
special case of the Erdös measure (i.e., whenβ is the golden ratio) that we prove to be weak Gibbs, insuring the multifractal
formalism to hold.To cite this article: E. Olivier, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Nous considérons les mesures obtenues comme une convolution d’une infinité de mesures de Bernoulli (convolutions de
Bernoulli) liées à laβ-numération. Une décomposition matricielle markovienne de ces mesures est établie, quandβ est un
nombre de Pisot dont leβ-shift associé est de type fini. Nous concluons en démontrant que la mesure d’Erdös (i.e., quandβ est le
nombre d’or) est faiblement de Gibbs, assurant ainsi que le formalisme multifractal est valide.Pour citer cet article : E. Olivier,
C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version française abrégée

L’étude des convolutions de Bernoulli a été initiée à la fin des années 30 avec les travaux de Jesen et Wintner [4]
ainsi que ceux de Erdös [2] et s’est développée récemment en géométrie fractale [1,6,5] et en théorie ergodique [9]
(voir [8] pour plus de détails). Cette Note est consacrée à la présentation d’un cas particulier représentatif extrait de
l’analyse plus complète faite dans [7] (voir aussi [3]). Il s’agit de démontrer que la mesure d’Erdös est faiblement
de Gibbs au sens de Yuri [10], sans être toutefois de Gibbs ; l’intérêt du résultat tient au fait que le formalisme
multifractal est valide pour cette classe de mesures (voir [3]).
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Plus précisément, pour tout nombre réel 1< β < 2, la convolution de Bernoulliµ est définie comme la
distribution de la variable aléatoire réelleX définie sur l’espace produit{0,1}N, muni de la probabilité de Bernoulli
de paramètrep= (p0,p1) (avecp0p1> 0) et telle que, pour toutξ = (ξk)∞k=0,

X(ξ)= 1

α

∞∑
k=0

ξk

βk+1 avecα = 1

β − 1
.

La probabilitéµ est pleinement supportée par l’intervalle unitéI := [0,1] ; pour touti ∈ R nous notonsTi la
contraction affine telle queTi (x) := (x + i)/α, de sorte queTi (I ) ∩ I a un intérieur non vide uniquement pour
−1< i < α. Lorsqueβ est un nombre de Pisot, nous montrons qu’il existe un ensemble finiIβ := {i0, . . . ,ir}
contenu dans]−1, α[ , ainsi que deux matricesM0 etM1 d’ordrer à coefficients positifs ou nuls tels que, pour
tout borélienB deR,

µ ◦ Ti0(B)
...

µ ◦ Tir(B)


 =Mε


µ ◦ Ti0(R

−1
ε (B))
...

µ ◦ Tir(R
−1
ε (B))


 , (1)

où Rε est la contraction affine telle queRε(x) := (x + ε)/β . Nous considérons le cas particulier de la mesure
d’Erdös, c’est-à-dire la mesureµ associée àβ = (1+ √

5)/2 et p= (1/2,1/2). Soit µi( · ) := µ ◦ Ti ( · ∩ I) :
c’est une mesure positive de support inclus dansI , dès que−1< i < α. PourR′

0 := R0 ◦ R0, R
′
1 := R0 ◦ R1 ◦ R0

et R
′
2 := R1 ◦ R0, on vérifie que{R′

0[0,1[,R′
1[0,1[,R′

2[0,1[} forme une partition de[0,1[ : étant donném =
ω0 · · ·ωn−1 ∈ {0,1,2}n (n� 1), le cylindre de basem est par définition l’intervalle❏m❑ := Rω0◦· · ·◦Rωn−1[0,1[ et
nous déduisons de (1) que(

µ0❏m❑
µ1/β❏m❑

)
= Pω0 · · ·Pωn−1

(
µ0(I)

µ1/β(I)

)
, (2)

où le calcul des produits matricielsM0M0,M0M1M0 etM1M0 donne :

P0 =
(

1/4 0
1/4 1/4

)
, P1 =

(
1/8 1/8
1/8 1/8

)
and P2 =

(
1/4 1/4
0 1/4

)
.

Nous montrons tout d’abord queµ n’est pas une mesure de Gibbs. Cependant, en utilisant la représentation
matricielle (2), il est possible de prouver, grâce au Théorème 2.1, que la suite(φn) des potentiels markoviens
d’ordre n (n-step potentials) de la probabilitéµ∗ := 3

4(µ0 + µ1/β) est uniformément convergente sur l’espace
produit{0,1,2}N : on en déduit alors successivement queµ∗ etµ sont faiblement gibssiennes (Théorème 4.1).

1. Introduction

The Bernoulli convolutions have been studied since the early 30s [4,2] and more recently with applications in
Fractal Geometry [1,6,5] and Ergodic Theory [9]: we refer to [8] for further details and references. In this Note
we present a special case taken from the more detailed analysis in [7] (see also [3]). More precisely, we prove that
the Erdös measure, that is the symmetric Bernoulli convolution associated with the golden ratio, is not a Gibbs
measure, but displays the weak Gibbs property in the sense of Yuri [10]. Our interest for such a property comes
from the fact that a weak Gibbs measure satisfies the so-called multifractal formalism (see [3]).

2. Gibbs properties

Let A∗ denote the set of words on the alphabetA := {0, . . . , s − 1} (for a given integers � 2), that is,
A∗ := {∅} ∪ ⋃∞

n=1An, where∅ is the empty word. The concatenation of the two wordsw,m is denoted bywm



E. Olivier / C. R. Acad. Sci. Paris, Ser. I 336 (2003) 63–68 65

so thatA∗ endowed with the concatenation is a monoid of unit element∅. Wheneverx0, . . . , xs−1 ares elements
of a monoid(X, �) with identity elemente, we notex∅ := e andxw := xξ0 � · · · � xξn−1, for any non-empty word
w = ξ0 · · · ξn−1 ∈ A∗.

We now consider thatS := {Si}s−1
i=0 is a system of (orientation preserving) affine contractions of the real line;

we assume thatS is adaptedto the interval[0,1[ , meaning that{Si[0,1[}s−1
i=0 form a partition of[0,1[. For any

wordw ∈ A∗, we define the cylinder❏w❑ := Sw[0,1[ and theS-net isF := {Fn}∞n=0, whereFn := {❏w❑; w ∈ An}
(by conventionA0 := {∅}). We denote byσ the shift transformation defined on the product spaceAN; the product
topology onA is given by the metric such that the distance betweenξ andζ is 2−k, wherek is the length of the
largest common prefix ofξ andζ .

Suppose thatη is a finite positive Borel measure supported by the unit intervalI := [0,1]. For anyξ ∈ AN

we setφ1(ξ) := logη❏ξ0❑ andφn(ξ) := logη❏ξ0 · · ·ξn−1❑/η❏ξ1 · · · ξn−1❑, for n� 2. The so-calledn-step potential
φn is clearly continuous onAN. Under the assumption thatφn converges uniformly to a potentialΦ, it is easily
checked that forn� 1,

1

Kn
� η❏ξ0 · · · ξn−1❑

exp(
∑n−1
k=0Φ(σ

kξ))
�Kn, (3)

whereKn := exp(
∑n
k=1 ‖Φ − φn‖∞). Since‖Φ − φn‖∞ tends to 0, whenn goes to infinity, by a classical lemma

on the Cesàro sums, the sequence(Kn) is sub-exponential in the sense that limn(logKn)/n= 0; in such a case, (3)
means thatη is a weak Gibbs measure; when(Kn) is constant,η is said to be a Gibbs measure: this clearly happens
when‖Φ − φn‖∞ is the term of a convergent series.

We now assume thats = 3. For anyi ∈A, we letMi := γiPi , whereγi > 0 and

P0 :=
(

1 0
1 1

)
, P1 :=

(
1 1
1 1

)
and P2 :=

(
1 1
0 1

)
;

we suppose in addition that there exists a column vectorR with positive entries such that(M0 +M1 +M2)R =R.
Let L be a vector with non-negative entries such thattLR = 1; then, by Kolmogorov’s consistency theorem, by
settingν❏w❑ = tLMwR, for any wordw ∈ A∗, one defines a Borel probability measure onR which is supported
by I .

Theorem 2.1. ν is F-weak Gibbs whenL has positive entries.

Proof. Forω ∈Ω andn� 1 we noteP̃ ωn := Pω0···ωn−1; for any vectorV �= 0 with non-negative entries, we define

θn(ω|V ) := arctan(τ (P̃ ωn V )) whereτ (P̃ ωn V ) is the ratio of they-coordinate ofP̃ ωn V divided by itsx-coordinate.
Let tL= (u v) andtLPi := (u′ v′) for a fixedi ∈ A; then, for anyξ = (ξk)∞k=0 ∈AN, ξ0 = i andn� 2, one has
with σξ = (ξk+1)

∞
k=0:

φn(ξ)= logγi +Λi
(
θn(σξ |R)

)
, whereΛi(x)= log

(
u′ cosx + v′ sinx

ucosx + v sinx

)
.

If L is an eigenvector oftPi , the mapΛi is constant and the sequence of then-step potentialsφn is constant on
{ξ0 = i}. Otherwise,Λi is a homeomorphism from[0,π/2] onto the closed intervalΛi[0,π/2]; by the Mean Value
Theorem, there exists a constantc > 0, independent ofξ such that∣∣φp(ξ)− φq(ξ)∣∣ � c

∣∣θp(σξ |R)− θq(σξ |R)∣∣. (4)

Since the matrixP̃ ωn has no null column it is possible (with the conventionx/0 = ∞ for x > 0) to define the
homographyhωn : [0,∞] �→ [0,∞] by setting

hωn (x) :=
γ ωn + δωn x
αωn + βωn x

, whereP̃ ωn =
(
αωn βωn
γ ωn δωn

)
(5)
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(andhωn (∞)= δωn /βωn ). Since det(P̃ ωn )� 0, the homographyhωn is non-decreasing on[0,∞] and for anyV with
positive entries, the quantityτ (P̃ ωp V ) belongs to the intervalIωn := [hωn (0),hωn (∞)].

Lemma 2.2. The sequenceθn( · |R) converges uniformly onΩ whenever, for anyω ∈Ω , the decreasing intersection
Iω := ⋂∞

n=1I
ω
n is reduced to one point in[0,∞].

Proof. Suppose thatIω is reduced to{tω}, for anyω ∈Ω ; givenε > 0, we define the integern(ω, ε), such that
|Iωn(ω,ε)| � ε if tω <∞ andIωn(ω,ε) ⊆ [1/ε,∞] if tω = ∞. LetC(ω, ε) denote the open set of theξ ∈Ω satisfying
ξ0 · · · ξn(ω,ε)−1 = ω0 · · ·ωn(ω,ε)−1; sinceΩ is compact, there exists a finiteX ⊂Ω such thatΩ = ⋃

ξ∈X C(ξ, ε).
For p, q bounded from below bynε := maxξ∈X{n(ξ, ε)}, bothτ (P̃ ωp R) andτ (P̃ ξq R) belong toIωn(ξ,ε) = Iξn(ξ,ε),
with ξ ∈ X andω ∈ C(ξ, ε). By the definition ofnε , one deduces that|θp(ω |R) − θq(ω |R)| � ε: the proof of
Lemma 2.2 is complete.✷

According to (4) and Lemma 2.2, Theorem 2.1 will be established if we prove thatIω is always reduced to one
point. First, ifωn0 = 1 then, forn� n0 one has det(P̃ ωn )= 0: the homographyhωn is constant andIω is reduced to
one point. It remains to consider the case whenω ∈ {0,2}N. If σn0ω = 0 (or similarly2) then, for anym� 0 one
hashωn0+m(x)= hωn0

(x +m), so thatIωn0+m = [hωn0
(m),hωn0

(∞)] and thusIω = {hωn0
(∞)}. Otherwise, whenσkω

always differs from0 or2, there exists an infinite sequence of integersa0, a1, . . . with a0 � 0 anda1a2 · · ·> 0 such
that,ω = 2a00a12a2 · · · (by convention 20 = ∅); for pk andqk the relatively prime integers such that

pk

qk
= a0 + 1

a1 + 1

. . .

+ 1

ak

andnk = a0 + · · · + a2k−1, a direct computation, yields:

P̃ ωnk =
(
a0 1
1 0

)
· · ·

(
a2k−1 1

1 0

)
=

(
q2k−2 q2k−1
p2k−2 p2k−1

)
;

therefore[hωnk (0),hωnk (∞)] = [p2k−2/q2k−2,p2k−1/q2k−1] andIω is reduced to the common limit ofp2k−2/q2k−2
andp2k−1/q2k−1 whenk goes to infinity: Theorem 2.1 is proved.✷

3. Bernoulli convolutions

We denote byσ :Σ → Σ the shift on the product spaceΣ := {0,1}N. Assume thatΣ is weighted
by the Bernoulli measure of parameterp = (p0,p1), with p0p1 > 0; for a given real number 1< β < 2,
the Bernoulli convolutionµ is by definition the distribution of the random variableX :Σ → R, such that
X(ξ) := (∑∞

i=0 ξi/β
i+1)/α, with α := 1/(β − 1). For anyi ∈ R we let Ti be the affine contraction such that

Ti (x) := (x + i)/α; for ε = 0 or 1 and any Borel setB ⊂ R, one hasX(ω) ∈ Ti (B) if and only if X(σω) ∈
Tiεω0

(R−1
ε (B)) whereiεω0

:= βi + (ε − ω0) andRε(x)= (x + ε)/β . Therefore, using the properties of Bernoulli
measures, one gets:

µ ◦ Ti (B)= p0 ·µ ◦ Tiε0

(
R

−1
ε (B)

) + p1 ·µ ◦ Tiε1

(
R

−1
ε (B)

)
. (6)

Notice thatµ ◦ Ti (B) = 0 for each Borel setB ⊂ I wheneveri /∈ ]−1, α[; we defineIβ as the set of the real
numbersi ∈]−1, α[ for which there exists a sequencei1, . . . , in in ]−1, α[ such that 0� i1 � · · · � in � i, where
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x � y means that existsε ∈ {−1,0,1} such thaty = βx + ε. The setIβ is clearly countable and we shall write
0 = i0,i1, . . . the sequence of its elements: it follows from (6) that for anyB ⊂ I such thatR−1

ε (B)⊂ I
µ ◦ Tii (B)=

∑
j

Mε(i, j) ·µ ◦ Tij

(
R

−1
ε (B)

)
, (7)

wherei andj are respectively the row and the column indexes of the matrixMε such that

Mε(i, j)=
{
pk if k = ε+ βii − ij ∈ {0,1},
0 otherwise.

(8)

For any real numberi we define the measureµi( · ) := µ ◦ Ti ( · ∩ I); sinceµ is supported byI , the measureµi
is positive (and of support contained inI ) if and only if −1< i < α. WhenIβ := {0 = i0, . . . ,ir}, one deduces
from (7) that forε ∈ {0,1} andB ⊂ I such thatR−1

ε (B)⊂ I ,
µi0(B)

...

µir(B)


 =Mε ·


µi0(R

−1
ε (B))
...

µir(R
−1
ε (B))


 . (9)

Our analysis of the Bernoulli convolutionµ relies on finiteness of the setIdβ . In this Note, we shall consider thatβ
is a Pisot number of degrees, that is an algebraic integer greater than 1 and whose conjugatesβi (1 � i < s) have
modulus strictly less than 1. The key property of such a number is that, for any polynomialA(X) with integral
coefficients bounded byM in absolute value, one has

A(β) �= 0 ⇒ ∣∣A(β)∣∣ �
s−1∏
i=1

1− |βi |
M

> 0. (10)

Notice that for any elementi in Iβ , there exists a finite sequenceε0, . . . , εm of integers{−1,0,1} such that
i = ε0 + ε1β + · · · + εmβm; by (10), the distance between two different elements inIβ is bounded from below by∏s−1
i=1(1− |βi |)/2:

Proposition 3.1. The setIβ has finite cardinality whenβ is a Pisot number.

4. The Erdös measure

We now consider thatp0 = p1 = 1/2 andβ = (1+ √
5)/2, so thatµ is the Erdös measure. It is readily checked

from its definition thatIβ has three elements sayi0 = 0, i1 = 1 andi2 = β − 1 = 1/β . Notice that the system
of affine contractionsR := {R′

0,R
′
1,R

′
2}, whereR

′
0 = R00, R

′
1 = R010 andR

′
2 = R10, is adapted to[0,1[: we shall

denote byF theR-net. According to (9), one deduces that for any wordw ∈ {0,1,2}∗,(
µ0❏w❑
µ1/β❏w❑

)
= Pw

(
µ0(I)

µ1/β(I)

)
, (11)

where the computation of the matricesM00,M010 andM10 yields:

P0 =
(

1/4 0
1/4 1/4

)
, P1 =

(
1/8 1/8
1/8 1/8

)
and P2 =

(
1/4 1/4
0 1/4

)
.

Using (6) withi = ε = 0, one deduces the classical self-similar equation satisfied byµ:

µ= 1

2
·µ ◦ T

−1
0 + 1

2
·µ ◦ T

−1
1/β . (12)
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The specific algebraic properties of the golden ratio give the following identities:

T0◦T0 = R
′
0, T0◦T1/β◦T1/β = T1/β◦T0◦T0 = R

′
1 and T1/β◦T1/β = R

′
2

and an iteration of (12) applied toµ ◦ R
′
i for i = 0,1,2, yields:

µ ◦ R
′
0 = µ0

4
, µ ◦ R

′
1 = µ0 +µ1/β

4
and µ ◦ R

′
2 = µ1/β

4
.

Hence, for anyw ∈ {0,1,2}∗ andε ∈ {0,1,2}, one has:

µ❏εw❑ = tVεPw

(
1
1

)
, whereV0 =

(
1/6
0

)
, V1 =

(
1/3
1/3

)
andV2 =

(
0

1/6

)
(the constants are obtained from the fact thatµ is a probability). By a direct computation, one getsµ❏10n−1❑ =
(n+1)/(3 ·4n−1), for anyn� 0. If one supposes thatµ is a Gibbs measure of some potentialψ , then the sequence
log{4n · exp(nψ(0))/n} would be bounded: this is impossible and one concludes that the Erdös measureµ is not
Gibbs. We conclude this Note by proving the following theorem:

Theorem 4.1. The Erdös measureµ is F-weak Gibbs.

Proof. Consider the probabilityµ∗ := 3
4(µ0 +µ1/β): then, for any wordw ∈ {0,1,2}∗,

µ∗❏w❑ = 1

2
tUPwU, whereU :=

(
1
1

)
, (13)

and by Theorem 2.1, one deduces thatµ∗ is F-weak Gibbs. Letw = εaε̂w′ ∈ {0,1,2}n with ε ∈ {0,2}, a > 0 and
ε̂ = 2 if ε = 0 andε̂ = 0 if ε = 2; for Pw′U := t (p0 p2)

µ❏w❑

µ∗❏w❑
=
tVεP

a−1
ε Pε̂Pw′U

tUPaε Pε̂Pw′U
� 1

3

p0 + p2

(a + 1)(p0 + p2)+pε̂ � 1

3(a + 2)

and sincea � n one gets:

µ❏w❑

µ∗❏w❑
� 1

3(n+ 2)
. (14)

A similar argument shows that (14) is still valid whenw = εa orw = 1w′. The upper boundµ❏w❑/µ∗❏w❑ � 8/3
being always valid, for anyw ∈ {0,1,2}n with n� 1, one has:

1

3(n+ 2)
� µ❏w❑

µ∗❏w❑
� 8

3
. (15)

The measureµ∗ beingF-weak Gibbs, one concludes from (15) thatµ is alsoF-weak Gibbs. ✷
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