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Abstract

We consider the infinite convolved Bernoulli measures (Bernoulli convolutions) relagedameration. A Markovian matrix
decomposition of these measures is obtained whisma Pisot number whose associagedhift is of finite type. We study the
special case of the Erdds measure (i.e., whes the golden ratio) that we prove to be weak Gibbs, insuring the multifractal
formalism to hold.To citethisarticle: E. Olivier, C. R. Acad. Sci. Paris, Ser. | 336 (2003).

O 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

Nous considérons les mesures obtenues comme une convolution d’'une infinité de mesures de Bernoulli (convolutions de
Bernoulli) liées a lag-numération. Une décomposition matricielle markovienne de ces mesures est établiegqstnth
nombre de Pisot dont |@-shift associé est de type fini. Nous concluons en démontrant que la mesure d’Erdds (i.es gsided
nombre d’or) est faiblement de Gibbs, assurant ainsi que le formalisme multifractal estRalideiter cet article: E. Olivier,

C. R. Acad. Sci. Paris, Ser. | 336 (2003).
0 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version francaise abr égée

L'étude des convolutions de Bernoulli a été initiée a la fin des années 30 avec les travaux de Jesen et Wintner [4
ainsi que ceux de Erdos [2] et s’est développée récemment en géométrie fractale [1,6,5] et en théorie ergodique [€
(voir [8] pour plus de détails). Cette Note est consacrée a la présentation d’un cas particulier représentatif extrait de
I'analyse plus compléte faite dans [7] (voir aussi [3]). Il s’agit de démontrer que la mesure d’Erdds est faiblement
de Gibbs au sens de Yuri [10], sans étre toutefois de Gibbs; I'intérét du résultat tient au fait que le formalisme
multifractal est valide pour cette classe de mesures (voir [3]).
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Plus précisément, pour tout nombre réek18 < 2, la convolution de Bernoulli est définie comme la
distribution de la variable aléatoire réeNedéfinie sur I'espace produi®, 1}N, muni de la probabilité de Bernoulli
de parametrg = (po, p1) (avecpop1 > 0) et telle que, pour tout = (§0)72 .

[e.e]

1 &k
X(S)—a ,;ﬂk” aveco =
La probabilitéu. est pleinement supportée par l'intervalle unité= [0, 1] ; pour touti € R nous notondT; la
contraction affine telle qu&; (x) := (x +i)/a, de sorte quél’; (/) N I a un intérieur non vide uniqguement pour
—1 <i < «a. Lorsqueg est un nombre de Pisot, nous montrons qu'’il existe un ensembl@gfiat {i o, ..., 1}
contenu dan$—1, «[, ainsi que deux matrice®lp et M; d’ordrer a coefficients positifs ou nuls tels que, pour

tout borélienB deR,

1o Ti 4(B) o Ti o(R71(B))

: = ME E . (1)

poTi, (B) poTi, (R;1(B))
ou R, est la contraction affine telle quR: (x) := (x + ¢)/B. Nous considérons le cas particulier de la mesure
d’Erdés, c'est-a-dire la mesune associée 3 = (1++/5)/2 etp = (1/2,1/2). Soit y;(-) ;= p o Ti(- N 1) :
c’est une mesure positive de support inclus daries que-1 < i < a. PourRj :=Rg o Rg, R} :=RpoR10Rp
et R, :=Rj o R, on vérifie que(Ry[0, 1[, R} [0, 1[, R5[0, 1[} forme une partition d¢0, 1[ : étant donnén =
wo- - wp—1 €{0,1,2}" (n > 1), le cylindre de base: est par définition I'intervallgm] := Ry,o0---oR,, [0, 1[ et
nous déduisons de (1) que

polm] \ _ , . po(I)
(Ml/ﬁ[[mﬂ>_Pw° Pw“(kbl/ﬁ(l))’ (2)

ou le calcul des produits matricieMo Mg, MoM1 Mg et M1 Mg donne :
(14 0 (18 1/8 _(1/4 1/4
P°_<1/4 1/4)’ Pl_<1/8 1/8> and P2_< 0 1/4)

Nous montrons tout d’abord quye n’est pas une mesure de Gibbs. Cependant, en utilisant la représentation
matricielle (2), il est possible de prouver, grace au Théoréeme 2.1, que la(giiteles potentiels markoviens
d'ordren (n-step potentials) de la probabili{é, := %(Mo + n1/8) est uniformément convergente sur I'espace
produit{0, 1, 2}N : on en déduit alors successivement gueet i sont faiblement gibssiennes (Théoréme 4.1).

p-1

1. Introduction

The Bernoulli convolutions have been studied since the early 30s [4,2] and more recently with applications in
Fractal Geometry [1,6,5] and Ergodic Theory [9]: we refer to [8] for further details and references. In this Note
we present a special case taken from the more detailed analysis in [7] (see also [3]). More precisely, we prove tha
the Erdds measure, that is the symmetric Bernoulli convolution associated with the golden ratio, is not a Gibbs
measure, but displays the weak Gibbs property in the sense of Yuri [10]. Our interest for such a property comes
from the fact that a weak Gibbs measure satisfies the so-called multifractal formalism (see [3]).

2. Gibbsproperties

Let A* denote the set of words on the alphabét={0,...,s — 1} (for a given integers > 2), that is,
A* = {0y U U2, A", whered is the empty word. The concatenation of the two woxds: is denoted bywm
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so that4* endowed with the concatenation is a monoid of unit elerdeiVhenevery, ..., x;_1 ares elements
of a monoid(X, =) with identity element, we notexy := e andx,, := xg, * - - - x x¢,_,, for any non-empty word
w=2E&--&-1€ A"

We now consider thaf := {S,»}f.;é is a system of (orientation preserving) affine contractions of the real line;
we assume thaf is adaptedto the interval[0, 1[, meaning tha{S; [0, 1[}?;& form a partition of{0, 1[. For any
word w € A*, we define the cylindefw] := S, [0, 1[ and theS-netis§ := {F,}° ;, whereF, := {[w]; w € A"}

(by convention4? := {##}). We denote by the shift transformation defined on the product spdfe the product
topology onA is given by the metric such that the distance betwgand¢ is 27, wherek is the length of the
largest common prefix ¢f and¢.

Suppose thay is a finite positive Borel measure supported by the unit intefvat [0, 1]. For anyé € AN
we setg1 () :=logn[&o] andeg, (&) :=logn[&o- - -&i—1]/nl&1- - - §x—1], for n > 2. The so-called-step potential
¢, is clearly continuous otdN. Under the assumption that, converges uniformly to a potentidl, it is easily
checked that fon > 1,

i < 7)[[50 —1 §n—1ﬂ <K, 3)

Kn —exp(3i 2o @(0k8)
whereK,, :=exp(}_;_1 1?2 — ¢ulloo)- Since||@ — ¢y |l tends to 0, whem goes to infinity, by a classical lemma
on the Cesaro sums, the seque@kg) is sub-exponential in the sense that]ieg K,,) /n = 0; in such a case, (3)
means thay is a weak Gibbs measure; whék,,) is constanty is said to be a Gibbs measure: this clearly happens
when||® — ¢, |« is the term of a convergent series.

We now assume that= 3. For anyi € A, we letM; := y; P;, wherey; > 0 and

1 0 1 1 1 1
Po:=<1 1), P1:=<l l) and P2:=<O 1);

we suppose in addition that there exists a column veRteith positive entries such thé&dp + M1+ M2)R = R.

Let L be a vector with non-negative entries such fligt = 1; then, by Kolmogorov’'s consistency theorem, by
settingv[w] = ‘LM, R, for any wordw € A*, one defines a Borel probability measureR®mvhich is supported
by I.

Theorem 2.1. v is §-weak Gibbs whell has positive entries.

Proof. Forw e £2 andn > 1 we noteP? := P,,..,, _,; for any vectorV # 0 with non-negative entries, we define
6,(w|V) := arctariz (P V)) wheret (P V) is the ratio of they-coordinate ofP®V divided by itsx-coordinate.
Let’L =(u v)and’LP;:= ' ') forafixedi € A;then, foranyg = (&), € AN g9 =i andn > 2, one has
with 0§ = (k+1)72:

$u(&) =logyi + A; (6.(EIR)),  Where;(x) = IOQ(M).

u COSx + v Sinx
If L is an eigenvector dfP;, the mapA; is constant and the sequence of thetep potentialg, is constant on

{&0 = i}. Otherwise A; is a homeomorphism frofi®, 7 /2] onto the closed interval; [0, 7 /2]; by the Mean Value
Theorem, there exists a constant 0, independent of such that

|6 (&) — b4 (5)| <c|0p(0EIR) — 04 (a&|R)|. 4)

Since the matrixﬁ;’ has no null column it is possible (with the conventiof0 = oo for x > 0) to define the
homographyh? : [0, co] — [0, co] by setting

Ve 4 80x

h®(x) :=
n (%) 2 1 Box

" 10) 1)
., WhereP® = (;’jﬁ) ’g('j) ) (5)
n

n
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(andh®(oc0) = 8%/B%). Since gle(tﬁnw) > 0, the homographfa® is non-decreasing o), co] and for anyV with
positive entries, the quantitzy(P;;’ V) belongs to the intervadl? := [h(0), h%(co)].

Lemma2.2. The sequena®, (- |R) converges uniformly of? whenever, for any € £2, the decreasing intersection
| ®:="2, 12 is reduced to one point ifD, co

Proof. Suppose that is reduced tdz,}, for anyw € £2; givene > 0, we define the integer(w, ), such that
[l Z’(W)| Leif 1, < oo andl ﬁ(w o S C[1/e, o] if t, = c0. Let C(w, ) denote the open set of tfec 2 satisfying
£0 - En(w.e)—1 = W0 - - - Wn(w,e)—1; SINCES2 IS compact, there exists a finife C §2 such that2 = Usex C(,¢).
For p, g bounded from below byt, := max.cx{n(£, )}, bothr(P‘“R) andt(PéR) belong tol w@ 5 = | E &)
with £ € X andw € C(&, ). By the definition ofn,, one deduces that,(w|R) — 6, (w|R)| < &: the proof of

Lemma 2.2 is complete.O

According to (4) and Lemma 2.2, Theorem 2.1 will be established if we prové thstalways reduced to one
point. First, ifw,, = 1 then, forn > ng one has deﬁ;") = 0: the homographl? is constant andl is reduced to
one point. It remains to consider the case whea {0, 2}N. If 60w = 0 (or similarly 2) then, for anyn > 0 one
hash® ., (x)= o (X +m), SO thatl ¢ =[h® o (1), h 5 (00)] and thud © = {h® 5 (00)}. Otherwise, whew ¥

no+m no+m
always differs fronO or2, there exists an |nf|n|te sequence of integersy, . . . W|th ag > 0andaiaz--- > 0such
that,w = 29007127 . ... (by convention & = ¢); for p; andg; the relatively prime integers such that

Dk 1

_:a0+
qdk

ai+
’ 1

+_

ag

andny =ag+ - - - + ax-—1, a direct computation, yields:

po_ (a0 1) (az-1 1)\ _ (qx-2 qa-1).

Mk 10 1 0 P2%-2 Pp2%-1)°
therefore[h“’ (0), hy . (00)] = [p2k—2/q2k—2, P2k—1/q2k—1] andl ¢ is reduced to the common limit @fox_2/g2x—2
and poy— 1/q2k 1whenk goes to infinity: Theorem 2.1 is provedO

3. Bernoulli convolutions

We denote byo:¥ — X the shift on the product spac® := {0, 1}N. Assume that¥ is weighted
by the Bernoulli measure of parameter= (po, p1), with pop1 > 0; for a given real number ¥ 8 < 2,
the Bernoulli convolutiony is by definition the distribution of the random variable: ¥ — R, such that
X (&) = (206 /B ™Y Ja, with « := 1/(8 — 1). For anyi € R we letT; be the affine contraction such that
T;(x) := (x +i)/a; for e =0 or 1 and any Borel seB C R, one hasX(w) € T;(B) if and only if X (cw) €
T"io (}Rgl(B)) Whereij,o = Bi + (¢ — wp) andR,(x) = (x + £)/B. Therefore, using the properties of Bernoulli
measures, one gets:

poTi(B)=po- o Tig (R (B)) +p1- o Ty (R7H(B)). (6)

Notice thatu o T;(B) = 0 for each Borel seB C I whenever ¢ -1, «[; we defineZg as the set of the real
numbersi €]—1, «[ for which there exists a sequenge..., i, in -1, «[ such that & iy > --- > i, > i, where
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x >y means that exists € {—1, 0, 1} such thaty = Sx + €. The setZg is clearly countable and we shall write
O0=io,i 1,...the sequence of its elements: it follows from (6) that for &y I such thai[Ri;l(B) cl

poTi,(B)=Y M j) uoTi (R74(B)), (7
J

wherei and;j are respectively the row and the column indexes of the mafgisuch that

.o [px fk=e+Bi;—i je{O,l},
MeG. j) = {O otherwise. ®)
For any real number we define the measuyg (-) := u o T; (- N I); sinceu is supported by, the measure;
is positive (and of support contained ffiif and only if -1 <i <«. WhenZg :={0=i o, ...,i r }, One deduces
from (7) that fore € {0, 1} andB C I such thaR;1(B) C I,
14i o(B) 1i o(R71(B))
i, (B) wi, (R;H(B))

Our analysis of the Bernoulli convolutignrelies on finiteness of the s&f. In this Note, we shall consider that
is a Pisot number of degreethat is an algebraic integer greater than 1 and whose conjugjates< i < s) have
modulus strictly less than 1. The key property of such a number is that, for any polyné@ialwith integral
coefficients bounded by in absolute value, one has

TT1-18
AB)#0 = [Ap)|=]]—— >0 (10)
i=1

Notice that for any elementin Zg, there exists a finite sequenes, ..., e, of integers{—1,0,1} such that
i=¢eo+e18+---+emp™; by (10), the distance between two different elementsginis bounded from below by

[EZia—18i/2:

Proposition 3.1. The setZg has finite cardinality whe is a Pisot number.

4. The Erdbés measure

We now consider thgig = p1 = 1/2 andg = (1+ +/5)/2, so thau is the Erdés measure. It is readily checked
from its definition thatZg has three elements say =0,i 1 =1 andi =8 — 1= 1/8. Notice that the system

of affine contraction® := {Rj, R}, RS}, whereRy = Roo, R} = Ro1pandR}, = Rio, is adapted t¢0, 1[: we shall
denote byg the R-net. According to (9), one deduces that for any ward {0, 1, 2}*,

molw] ) _ )
(Ml/ﬁﬂwﬂ> =F (Ml/ﬁ(1)> ’ (11)

where the computation of the matrick&o, Mop10and Mg yields:

(14 0 (18 1/8 (14 1/4
P°_<1/4 1/4)’ P1_<1/8 1/8> and Pz_( 0 1/4)
Using (6) withi = ¢ = 0, one deduces the classical self-similar equation satisfied by

1 .1 _
Mzé.uo?rohré.uoﬁrl/}g. (12)
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The specific algebraic properties of the golden ratio give the following identities:
TooTo = R6, TooTl/ﬁoT]_/ﬁ = Tl//g oTgoTo = Ri and Tl/ﬁoTl/ﬁ = R/Z

and an iteration of (12) applied oo R; fori =0, 1, 2, yields:

Mo Mo+ 11/

PR

Hence, for anyw € {0, 1, 2}* ande € {0, 1, 2}, one has:

[,L[[Sw]] = tVst (1) s Where‘/(): (1(/)6> , V]_: (1?2) andVg: (1(/)6>

(the constants are obtained from the fact thas a probability). By a direct computation, one gatfl0*~1] =
(n+1)/(3-4"1), foranyn > 0. If one supposes thatis a Gibbs measure of some potentiglthen the sequence
log{4" - exp(ny(0))/n} would be bounded: this is impossible and one concludes that the Erdés mgasuret
Gibbs. We conclude this Note by proving the following theorem:

Mni/8
and poR),="—".

Ry =
Mo lRg 4

Theorem 4.1. The Erdés measure is §-weak Gibbs.

Proof. Consider the probability, := %(Mo + pn1/p): then, for any wordw € {0, 1, 2}*,

1

and by Theorem 2.1, one deduces thatis §-weak Gibbs. Leiv = ¢?¢w’ € {0, 1, 2}"* with ¢ € {0, 2}, a > 0 and
g=2ife=0andé =0if e =2;for P, U :="(po p2)

plwl _VePEtPPyU 1 po+ p2 L1

ux[w] — UPEP;PyU = 3(a+1)(po+p2)+p:  3a+2)
and since: < n one gets:

plo] 1

pw] ~ 3 +2)
A similar argument shows that (14) is still valid when= &% or w = 1w’. The upper boung [w]/u+[w] < 8/3
being always valid, for anw € {0, 1, 2}" with n > 1, one has:

1 wlw] <8

3n+2)  piw] "3

The measurg, beingg-weak Gibbs, one concludes from (15) thais alsog-weak Gibbs. O

1
palw] =3 'UP,U, whereU := <1> : (13)

(14)

(15)
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