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ABSTRACT. – The authors in a previous paper proved the hydrodynamic incompressible
in d � 3 for a thermal lattice gas, namely a law of large numbers for the density, velocity
and energy. In this paper the equilibrium fluctuations for this model are studied and a
limit theorem is proved for a suitable modification of the vector fluctuation fieldζ ε(t), whose
components are the density, velocity and energy fluctuations fields. We consider a m
fluctuation fieldξε(t) = exp{−ε−1tE}ζ ε, whereE is the linearized Euler operator around t
equilibrium, and prove thatξε(t) converges to a vector generalized Ornstein–Uhlenbeck pro
ξ(t), which is formally solution of the stochastic differential equationdξ(t)=Nξ(t) dt+B dWt ,
with BB∗ = −2NC, whereC is the compressibility matrix,N is a matrix whose entrie
are second order differential operators andWt is a mean zero Gaussian field. The relat
−2NC = BB∗ is the fluctuation-dissipation relation.
 2003 Éditions scientifiques et médicales Elsevier SAS

MSC:60K35; 82C22
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RÉSUMÉ. – Les auteurs, dans un précédent travail, ont prouvé la limite hydrodyna
incompressible en dimensiond � 3 pour un gaz réticulé avec phénomènes thermiques, c’e
dire une loi des grands nombres pour les champs de densité, de vitesse ainsi que pour l
Dans cet article les fluctuations à l’équilibre sont étudiées et un théorème de la limite c
est démontré pour une modification convenable du champ vectorielζ ε(t) des fluctuations
dont les composantes sont la densité, la vitesse et l’énergie. Nous considérons un ch
fluctuations modifiéξε(t) = exp{−ε−1tE}ζ ε, où E est l’opérateur d’Euler linéarisé auto
de l’équilibre, et nous prouvons queξε(t) converge vers un processus d’Ornstein–Uhlenb
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généralisé vectorielξ(t), qui est formellement solution de l’équation différentielle stochast
dξ(t)=Nξ(t) dt + B dWt , avecBB∗ = −2NC, oùC est la matrice de compressibilité,N une
matrice dont les coefficients sont des opérateurs différentiels du second ordre etWt un champ
gaussien de moyenne nulle. La relation−2NC = BB∗ est la relation de fluctuation-dissipatio
 2003 Éditions scientifiques et médicales Elsevier SAS

Mots Clés :Fluctuations ; Gaz réticulés ; Équation de Navier–Stokes

1. Introduction

The behavior of fluids is usually described by phenomenological partial differe
equations as Euler or Navier–Stokes equations. One of the great successes
Non Equilibrium Statistical Mechanics has been to show that, at least formally,
equations can be obtained as hydrodynamic limit of the microscopic description
on the Liouville equation. This becomes a rigorous result in the form of a law of
numbers when the deterministic microscopic dynamics is replaced by suitable sto
dynamics. More precisely, after introducing the scale parameterε, defined as the rati
between the microscopic characteristic length and the macroscopic one, the law o
numbers arises in the study of the asymptotic behavior of the system asε goes to zero
In this limit the local microscopic conserved quantities converge to hydrodynamic
solution to the hydrodynamic equations. We focus in this paper on the hydrody
limit giving the incompressible Navier–Stokes equations (INS) and its fluctuations
INS equation for the divergenceless velocity fieldu(x, t) is the PDE in 3 dimensions

ρ̄ ∂tu+ ρ̄(u · ∂ )u+ ∂P = ν�u (1.1)

where∂ = (∂x1, ∂x2, ∂x3), � = ∑3
i=1 ∂

2
xi

, ν is a constant called viscosity,̄ρ the constan
density andP(x, t) is the pressure which plays here the role of a Lagrangian multi
for the incompressibility constraint divu= 0. The temperature	T of this fluid is constan
and small perturbationsρ(x, t) and T (x, t) of the constant profiles of density an
temperature are related through the Boussinesq condition

ρ̄ ∂T + 	T ∂ρ = 0. (1.2)

MoreoverT behaves like a passive scalar

∂tT + u · ∂T = κ�T (1.3)

whereκ is a constant called conductivity. We observe that these equations are inv
under the scaling

x′ = ε−1x, t ′ = ε−2t, u′ = εu, ρ ′ = ερ, T ′ = εT
and that it is this invariance property of the equations that makes possible to obtai
as hydrodynamic limit.

In [1] we propose a stochastic lattice gas model whose hydrodynamic lim
described by suitable hydrodynamic equations (see (2.15), (2.16) in Section 2) s
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to (1.1), (1.2) and (1.3). It is a model of particles with discrete velocities, jumping o
lattice: a particle with a given velocity moves on the 3-d cubic lattice as the asymm
simple exclusion process with the jump intensity chosen so to have a drift eq
its velocity. Particles collide independently in each site at Poisson times, excha
velocities in such a way to conserve the number of particles, the momentum in
direction and the energy. This model generalizes the one in [9] to include the c
particles with different kinetic energies.

In [1] we prove the law of large numbers for this model in the following form. The
V of velocities is a finite cardinality subset ofR

3. η(x) = {η(x, v) | v ∈ V} denotes the
configuration in the sitex ∈�,� cube of the latticeZ3 of sizeε−1, while η(x, v)= 0,1
is the occupation number of the particles with velocityv in x. The quantities

I0
(
η(x)

) = ∑
v∈V
η(x, v), Iα = ∑

v∈V
η(x, v)vα, α = 1, . . . ,3,

I4 = ∑
v∈V
η(x, v)

|v|2
2

are the mass, momentum and energy atx. We choose as initial state a Bernoulli meas
with average density and energy small perturbation (of orderε) of constant profiles an
average momentum of orderε. Then the empirical fields

νεβ(u, t)= ε2
∑
x∈�

(
Iβ
(
ηε−2t (x)

)− Īβ)δ(u− εx), β = 0, . . . ,4

of density, momentum and energy, with̄I0 and Ī4 suitable constants and̄Iα = 0 for
α = 1, . . . ,3, converge weakly in probability asε goes to 0 to the solution of th
hydrodynamic equations for this model, which are the incompressible Navier–S
equation for the velocity field and a diffusive equation (including the transport alon
velocity field) for the energy. The dissipative terms in these equations are given in
of a diffusion tensorDβ,να,γ , β, ν = 0, . . . ,4, α,γ = 1, . . . ,3, which is expressed by th
Green–Kubo formulas.

The next natural step is to prove the space-time central limit theorem, name
the fluctuation fields starting from the equilibrium state converge to a stationary m
dimensional Gaussian process with a given space-time covariance. In this paper w
the equilibrium fluctuations for the model introduced in [1]. Since the macrosc
behavior of this model is very close to the real hydrodynamics we face the
difficulty of the hydrodynamic fluctuations: the Euler terms and the Navier–Stokes
live on different time scales. The same feature is responsible for the impossibi
obtaining the compressible dissipative hydrodynamic equations as scaling limit. I
the previous result on the law of large numbers is true for an initial condition w
is a small perturbation of the global equilibrium. This perturbation remains sm
later times of orderε−2 and evolves macroscopically according to the incompres
hydrodynamics. The case of the fluctuations is different because a small perturba
the equilibrium may become very large and be of orderε−1 on times of orderε−2. We
go now in some details to explain better this point. The fluctuation fields under diff
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ζ εβ (t,G)= ε3/2
∑
x

G(εx)
[
Iβ
(
ηε−2t (x)

)− E[Iβ]],
β = 0, . . . ,4, whereG is a suitable test function,ηt (x) is the configuration inx at time
t andE is the equilibrium expectation.

At time zero the limiting fluctuation fields

lim
ε→0
ζ εβ (0,G)= ζβ(0,G)

are jointly Gaussian with covariance

E
[
ζβ(0,G)ζν(0,H)

]= Cβ,ν
∫
d3xG(x)H(x).

The matrixC = (Cβ,ν) is called the compressibility matrix. The limit is in the sense
weak convergence of path measures.

It can be shown (it is indeed a by-product of the results and estimates in this
that the equilibrium fluctuations under Euler time scale are trivial in the sense tha
satisfy in the limit a deterministic equation. This is a general feature first showed i
10]. More precisely, the limiting fieldζE = (ζEβ ), β = 0, . . . ,4

ζE(τ)= lim
ε→0
ζEε (τ,G)= lim

ε→0
ζ ε
(
ετ,G

)
is solution of the deterministic equation

dζE(τ)=EζE(τ) dτ, (1.4)

whereE is the linearized Euler operator around the global equilibrium given expli
by

E =
 0 −a0∂ 0

−b0∂ 0 −b4∂

0 −a4∂ 0


where the real constantsai and bi are defined in (2.6) below. Eq. (1.4) are a syst
of linear hyperbolic equations. The stochastic noise should appear as a correc
orderε:

dζEε (τ)= (E + εD)ζEε (τ ) dτ + √
ε B dWτ + O

(
ε2),

whereD is the linearized Navier–Stokes operator around the global equilibrium de
for any vector functionζ , as

Dζ =
3∑

α,γ=1

Dα,γ ∂α∂γ ζ,
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Dα,β being, for anyα,β = 1, . . . ,3, 5× 5 matrices, whose elementsDγ,να,β are defined
in (2.10) and (2.11) below and the positive operatorB is defined by the relation

BB∗ = −2DC

which represents the fluctuation-dissipation relation. Hence, to see a finite noise o
to look at longer timesτ = ε−1t . Formally, sinceζ ε(t)= ζEε (ε−1t), we get

dζ ε(t)= (
ε−1E +D

)
ζ ε(t) dt +B dWt + O(ε).

Then the limit limε→0 ζ
ε(t) does not exist because the Euler modes are too big on

time scale. A similar difficulty is present also in the case of ASEP but the analogo
E is simply an operator of the formv · ∂ with vi = (pi − qi)(1 − 2α), pi , qi the rates
of jumping to the left and right respectively andα = E[η]. Therefore, a Galilean shift i
sufficient to remove the divergence and in fact in [5] the central limit theorem is pr
for a fluctuation field of the form

Y ε(t,G)= εd/2∑
x

G
(
εx − ε−1vt

)[
ηε−2t (x)− E[η]].

In our case a possible way to subtract the Euler modes is to consider a mo
fluctuation field which moves together with the waves solutions of (1.4), traveling
velocity of orderε−1. Denoting byE∗ the adjoint operator ofE with respect the usua
scalar product inL2(T3,R

5), we define the fluctuation field as

ξ ε(t,G)= ζ ε(t,e− t
ε E

∗
G
)
.

We prove that the limitε → 0 exists and satisfies a suitable stochastic differe
equation. Before writing the equation, we consider the same problem in a very s
case: letA andM beK ×K matrix with complex entries such thatA= −A∗, where the
adjoint is relative to the scalar product inC

K . Consider the linear ODE system

ẋε = (
ε−1A+M)

xε, xε(0)= x̄.

Then,yε = e− t
ε
Axε is solution of

ẏε = e− t
ε AMe

t
ε Ayε, yε(0)= x̄.

Consider the limit

U := lim
ε→0

1∫
0

ds e− s
ε AMe

s
ε A = lim

ε→0
ε

1/ε∫
0

ds e−sAMesA.

An asymptotic average theorem [7] states that for anyδ > 0 andT > 0 there exists
ε0> 0 such that the solutionz of

ż=Uz, z(0)= x̄
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|yε − z|< δ, 0< ε < ε0.

Therefore,y = limε→0yε is solution of

ẏ =Uy, y(0)= x̄.
The limitU can be characterized in the following way: LetN be the space of theK×K
matrices with complex entries.N is a Hilbert space under the inner product

(A,B)= ∑
1�i,j�K

A∗
ij Bij .

For A ∈ N define6A as the orthogonal projection onto the subspace of the ma
which commute withA {

B ∈N : [B,A] = 0
}
.

Since the spectrum ofA is imaginary one can show that

U = lim
ε→0
ε

1/ε∫
0

ds e−sAMesA

is the projector6AM .
Applying this kind of considerations to our problem, by Fourier analysis, we p

thatξ(t,G)= limε→0 ξ
ε(t,G) exists and is a stationary generalized Ornstein–Uhlen

process characterized formally by the stochastic differential equation

dξ(t)=Nξ(t) dt +B dWt,
with BB∗ = −2NC, whereC is the compressibility matrix,N is the second order dif
ferential operator defined below andBWt is a mean zero Gaussian field. In particu
this proves the fluctuation-dissipation relation−2NC = BB∗ for this model. Denoting
by M̂ the Fourier transform of a 5×5 matrixM whose entries are differential operato
we can characterizeN as follows:

N̂ =6ÊD̂,
6A denoting the projection on the space of the operators commuting withA. To
conclude, we want to stress that this procedure of subtracting the Euler modes
in this case because the equations for the equilibrium fluctuations are linear.

The central limit theorem for equilibrium fluctuations is a well investigated topics
13]. A standard procedure is to establish first the tightness of the sequence of fluc
fields. Then, the study of the martingale problem allows to identify the unique
limit as a generalized Ornstein–Uhlenbeck process by the use of Holley–Stroock t
It is crucial to evaluate some expression in the martingale problem in terms o
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fluctuations field. This step, called Boltzmann–Gibbs principle, was first ach
in [2] for symmetric zero range process. The alternative method by [6] and [3]
extended to non-gradient systems by [14] and [4]. The extension is based on a s
modification of the fluctuation field by adding lower order terms, determined
identifying the diffusion coefficient in the hydrodynamic equations. In [5] this appro
has been extended to a non-symmetric case by proving a stronger tightness resu
consequence a stronger Boltzmann–Gibbs theorem. We extend the results on ti
and Boltzmann–Gibbs theorem in [5] to the present model. One important ingred
the proof of our theorem is the equivalence of canonical and grand canonical me
which is standard for Bernoulli measures. Our dynamics can be seen as the dy
of |V| exclusion processes which are not independent because of the collision
invariant measures are a family of Bernoulli measures parametrized by 5 para
(chemical potentials), which are conjugate to the conserved quantities. It is e
prove by standard arguments the equivalence of ensembles for|V| independent exclusio
processes. It is absolutely not obvious that the analogous result would be valid
case. We prove that this is the case in Lemma 5.1.

Finally, we prove the convergence of the time averages of the form appearing
martingale problem by implementing in the present context, in a non trivial way,
ideas in [7] which studied the convergence of solutions to the linearized Navier–S
equations of solutions to the linearized Boltzmann equation.

As final remark, we think that the extension of our results to the non equilib
fluctuations should present be easier than in the usual cases since the hydrod
fluctuations here are fluctuations with respect the local equilibrium with density, ve
field and energy which are small perturbation of constant profiles. We conjecture th
limiting fluctuation field should be a non-stationary process formal solution of a l
SPDE of the previous form with the sameB but differentN .

The paper is organized as follows. In Section 2 we define the model and rec
previous results on the hydrodynamic limit that we will need in the sequel. In Sec
we define the fluctuation field and state the results. In Section 4 we identify the lim
distribution by using Holley–Stroock characterization of Ornstein–Uhlenbeck proc
with martingales. The Boltzmann–Gibbs principle is proved in Section 5 together
the tightness of the process and the equivalence of ensembles. The theorems sta
existence of the time averages are in Appendix A.

2. Model and hydrodynamic limit

We consider the following model introduced in [1], which is a generalization o
model in [9]: given a finite set of velocitiesV ⊂ R

3, particles with velocityv ∈ V evolve
on the sub-lattice�L = {−L, . . . ,L}3, with periodic boundary conditions, according
an exclusion process. Collisions between two particles can also occur provided t
momentum and the kinetic energy are conserved. The setV is chosen in the following
way:

V = V1 ∪ V2,
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whereV1 is made of 8 velocities given by

V1 = {
(±1,±1,±1)

}
andV2 contains 24 velocities, given up to permutation by

(±7,±1,±1), (2.1)

where7 is some irrational number suitably chosen.
Formally, if we denote byη(x, v) ∈ {0,1} the number of particles on sitex ∈ �L

with velocity v ∈ V , then the infinitesimal generator of the dynamics on the s
8L = {η= (η(x, v), x ∈�L, v ∈ V)} is defined as

L= Lex +Lc,

whereLex is the generator of the nearest neighbor exclusion process with different
(velocities) andLc the generator of the collision process. For a local functionf on8L,
Lex is given by

Lexf (η)=∑
v∈V

∑
|e|=1

∑
x∈�L

(
χ + 1

2
e · v

)
η(x, v)

[
f
(
ηx,x+e,v

)− f (η)],
wheree is a unitary vector ofZ3 (eα , α = 1,2,3, will denote the unitary vectors wit
positive coordinates),ηx,x+e,v is the configuration obtained after exchanging the va
of η(x, v) andη(x + e, v) andχ is some positive constant large enough such tha
jump rate is positive. Note that it is chosen so that the drift of the particles with vel
v is exactlyv.

The collisions generatorLc is given by

Lcf (η)= ∑
x∈�L

∑
q∈Q

[
f
(
ηx,q

)− f (η)],
whereQ is the set of admissible collisions, namely the set of velocity quadru
q = (v,w, v′,w′) ∈ V4 such thatv + w = v′ + w′ and |v|2 + |w|2 = |v′|2 + |w′|2, and
ηx,q is the configuration obtained after the collision on sitex between two particles wit
incoming velocitiesv,w and outgoing velocitiesv′,w′. Notice that in order to preserv
the exclusion rule, we takeηx,q unchanged with respect toη if one of the conditions
η(x, v)= 0, η(x,w)= 0, η(x, v′)= 1 orη(x,w′)= 1 is fulfilled.

We denote byηx = {η(x, v), v ∈ V} the particle configuration inx ∈ �L. For a
configurationη, the mass, momentum and kinetic energy in sitex are

I0(ηx)=
∑
v∈V
η(x, v),

Iα(ηx)=
∑
v∈V
(v · eα)η(x, v), α = 1,2,3,

I4(ηx)=
∑ 1

2
|v|2η(x, v).
v∈V
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It is easy to check that the quantitiesNβ(η)=∑
x Iβ(ηx), β = 0, . . . ,4, are conserved b

the full dynamics. It is shown in [1] that, by choosing suitably the parameter7 in (2.1),
they are the only conserved quantities, in other words this model has the prope
local ergodicity.

As a consequence, the grand canonical measures below are invariant forL

µL,n(η)= Z−1
L,n

∏
x∈�L

exp

{
4∑
β=0

nβIβ(ηx)

}
, (2.2)

wheren = (n0, . . . , n4) ∈ R
5 are the chemical potentials andZL,n is a normalization

constant. All these product measures are absolutely continuous with respect
reference measureµ obtained by takingn asn̄ := (r,0,0,0, θ). We setmβ = E

µ[Iβ(η0)]
for β = 0, . . . ,4 (notice thatmβ = 0 if β = 1,2,3) andĨβ = Iβ −mβ .

In the sequel we callε = L−1. The law of the process(ηt (x, v)) with generatorε−2L
starting fromµ is denoted byPµε and the corresponding expectation byE

µ
ε . We also

call f0(v)= E
µ[η(x, v)] the density of particles with velocityv ∈ V with respect to the

reference measureµ. For any functionh onV , we put〈h〉 =∑
v∈V h(v).

The currentswβx,α of the conserved quantitiesIβ, β = 0, . . . ,4, at sitex in direction
eα, α = 1,2,3, are defined by

LIβ(ηx)=
3∑
α=1

∇−
α w

β
x,α,

where, ifg is a function on�L,

∇−
α g(x)= (∇αg)(x − eα) and ∇αg(x)= g(x + eα)− g(x).

Since the local quantitiesIβ(ηx) are conserved by the collision generator, we h
LIβ(ηx) = LexIβ(ηx) and the currents can be written as the sum of a symmetric
an antisymmetric parts

wβx,α = χ∇αIβ(ηx)+w(a),βx,α

and

w(a),0x,α = 〈
vαbx,α(v)

〉
, w(a),βx,α = 〈

vαvβbx,α(v)
〉
, β = 1,2,3,

w(a),4x,α = 1

2

〈
vα|v|2bx,α(v)〉,

with

bx,α(v)= η(x + eα, v)η(x, v)− 1

2

(
η(x + eα, v)+ η(x, v)).

Let G be the space of local functionsh on�L such that

E
µ[h] = 0 and

∂EµL,n [h]
∂m (n)

∣∣∣∣ = 0, β = 0, . . . ,4, (2.3)

β n=n̄
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wheremβ(n)= E
µL,n [Iβ]. In view of the application of the Boltzmann–Gibbs princip

it is important to modify the currentsw(a),βx,α so that they are in the spaceG. It is enough to
subtract suitable combinations of the conserved quantities and we now get their e
expressions.

Let n be the chemical potentialn= n̄+ δn= (r + δn0, δn1, δn2, δn3, θ + δn4), then

E
µL,n

[
w
(a),0
0,α

]− c0
α = 1

3

〈|v|2h1
〉
δnα + o

(|δn|),
E
µL,n

[
w
(a),β
0,α

]− cβα = δα,β
[

1

3

〈|v|2h1
〉
δn0 + 1

6

〈|v|4h1
〉
δn4

]
+ o

(|δn|), β = 1,2,3,

E
µL,n

[
w
(a),4
0,α

]− c4
α = 1

6

〈|v|4h1
〉
δnα + o

(|δn|),
whereh0 = f0(1− f0), h1 = h0(1− 2f0) and

cβα = E
µ
[
w
(a),β
0,α

]
. (2.4)

If we denote byδmβ = E
µL,n[Iβ(η0)] −mβ , we get

δn0 = 1

F

(〈|v|4h0
〉
δm0 − 2

〈|v|2h0
〉
δm4

)
,

δnα = 3

〈|v|2h0〉δmα,

δn4 = 2

F

(
2〈h0〉δm4 − 〈|v|2h0

〉
δm0

)
,

where

F= 〈|v|4h0
〉〈h0〉 − 〈|v|2h0

〉2
> 0.

So, defining forβ, ν = 0, . . . ,4 andα = 1,2,3,

dβ,να = ∂EµL,n [w(a),βx,α ]
∂mν(n)

∣∣∣∣
n=n̄
,

we obtain

dβ,να = b0δβ,0δα,ν + b4δβ,4δα,ν + 1{1,2,3}(β)δα,β
[
a0δν,0 + a4δν,4

]
, (2.5)

with

b0 = F2

3F
, b4 = 2

F1

3F
, a0 = 〈|v|2h1〉

〈|v|2h0〉 , a4 = 〈|v|4h1〉
〈|v|2h0〉 , (2.6)

F1 = 〈
h1|v|4〉〈h0〉 − 〈

h1|v|2〉〈h0|v|2〉,
F2 = 〈

h0|v|4〉〈h1|v|2〉− 〈
h1|v|4〉〈h0|v|2〉.
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Therefore the local function

gβα (η)=w(a),β0,α − cβα − 1

2

4∑
ν=0

dβ,να
(
Ĩν(η0)+ Ĩν(ηeα )

)
(2.7)

belongs toG.

2.1. Slow-fast modes decomposition of the currents

We denote byĪ+
G = (Ī0,G, . . . , Ī4,G) the empirical averages of the conserved quant

over the block�G of lengthG:

Īβ,G = 1

(2G+ 1)3
∑
|y|�G

Iβ(ηy), β = 0, . . . ,4.

The measurêµG,m, m ∈ R
5 is defined as the canonical Gibbs state of(2G + 1)3 sites

with parameters such that̄I+
G = m. It is the uniform probability on the set8G,m of

configurations on the block�G such thatĪ+
G =m. We denote byαG(g) the conditional

expectation ofg given the averages̄I+
G

αG(g)= E
µ
[
g|Ī+

G

]
.

We callLs,G the symmetric part of the generatorL restricted to the block�G. Since the
measureŝµG,m are the only extremal invariant measures forLs,G, we can defineL−1

s,Gg for
any functiong such thatαG(g)= 0. Given any local functiong on8G, the finite volume
“variance”VG(g, n) is

VG(g, n)= 1

(2G1 + 1)3
E
µG,n

[( ∑
|x|�G1

(
τxg − αG(g)))(−Ls,G)−1

( ∑
|x|�G1

(
τxg − αG(g)))],

where τ· is the translation operator on8L, τxg(η) = g(τxη), G1 = G − G1/9, G large
enough. The “variance”V (G,n) of G is given by

V (G,n)= lim sup
G→∞

VG(G,n). (2.8)

With an abuse of notation, we denoteVG(G,n) by VG(G, r, θ) whenn is the chemica
potentialn̄= (r,0,0,0, θ).

We state here the results in [1].

THEOREM 2.1. – There exists a tensor	D = (	Dβ,να,γ ) (	Dβ,ν positive definite matrix)
and a sequence of local functionsh(q) = (h(q),βα , α = 1,2,3, β = 0, . . . ,4) in G such
that, setting

u(q),βα (η)= gβα (η)−
3∑
γ=1

4∑
ν=0

	Dβ,να,γ∇γ Ĩν
(
η(0)

)−Lh(q),βα (η), (2.9)
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wheregβα (η) is defined in(2.7), it results

lim
q→∞

3∑
α=1

4∑
β=0

V
(
u(q),βα , r, θ

)= 0.

Above theorem actually holds for any function inG.

LEMMA 2.2. – The tensor	D satisfies

a · (	DC)a = lim
q→∞ E

µ
[
I
(
a · h(q))(−Ls)

(
a · h(q))]. (2.10)

In this formula,a · b = ∑3
α=1

∑4
β=0a

β
α b
β
α , I(g) = ∑

x τxg, Ls is the symmetric par
of L in L2(µ), C is the 5× 5 compressibility matrix (see (3.3) below for an expli
expression) and	DC is the tensor(	DC)β,να,γ = (	Dα,γC)β,ν . We define

D = 	D+ χI (2.11)

whereI
β,ν
α,γ = δα,γ δβ,ν .

2.2. Hydrodynamic limit

Given functionsnβ(x), β = 0, . . . ,4, we consider the Gibbs states with chem
potentialn(x)= (n0(x), . . . , n4(x))

µL,n(·)(η)= Z−1
L,n(·)

∏
x∈�L

exp

{
4∑
β=0

nβ(x)Iβ(ηx)

}
. (2.12)

Now, assume that the initial distribution of the particles isµL,n(·) with n = (nβ) the
slowly varying chemical potentials given by

nβ(x)= λ(0)β + ελ(1)β (εx)+ ε2λ
(2)
β (εx), (2.13)

whereλ(0) = (λ(0)β )= n̄ andλiβ are smooth functions on the 3-d torusT3. We define the
local equilibrium measure as the Gibbs statesµL,n(·,t ) with n(·, t) the chemical potentia
given by

nβ(x, t)= λ(0)β + ελ(1)β (εx, t)+ ε2λ
(2)
β (εx, t). (2.14)

Furthermore, we assume

divλ(1) = 0,
〈
h1|v|2〉λ(1)0 + 1

2

〈
h1|v|4〉λ(1)4 = 0.

Then in [1] (see also [9]) it has been proved that the law of the process at timet > 0
is well approximated by the local equilibrium in the sense that the relative entrop
unit volume of the non-equilibrium measure with respect to the local equilibrium t
ε−2 vanishes in the limitε→ 0.
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We can now state the result proved in [1] on the hydrodynamic limit. Letu(z, t),
z ∈ T3, t ∈ [0, t0], t0 > 0, be the classical smooth solutions of the following Navi
Stokes equation

divu= 0,

∂tuβ + ∂βp+Ku · ∂ uβ =
3∑
α=1

Dβ,βα,α ∂
2
αuβ, β = 1,2,3,

(2.15)

with initial condition uα(z) = E
µ
L,n(ε−1z) [Iα(η0)] and letE(z, t) be the solution of the

energy equation

∂

∂t
E +Hu · ∂ E =

3∑
α=1

Kα
(
∂2
αE

)
, (2.16)

with initial condition E(z) = E
µ
L,n(ε−1z) [I4(η0)]. The constants appearing in (2.15) a

(2.16) are given by

K = 18
〈v2

1v
2
2h2〉

〈h0|v|2〉2
,

with h2 = 1
2h1(1− 6f0(1− f0)) and

H = 1

〈h0|v|2〉
K1 − 2CK2

F2 +CF1
, C = 1

2

〈h1|v|4〉
〈h1|v|2〉 ,

where

K1 = 〈
h2|v|6〉〈h1|v|2〉− 〈

h2|v|4〉〈h1|v|4〉,
K2 = 〈

h2|v|4〉〈h1|v|2〉− 〈
h2|v|2〉〈h1|v|4〉.

Let P
µL,n(·)
ε be the law of the processηt (x, v) with generatorε−2L starting from the

measureµL,n(·) defined in (2.12), with chemical potentialsnα(x) of the form (2.13). The
density (νε0(t, z)), the momentum ((νεβ(t, z))β=1,2,3) and energy (νε4(t, z)) empirical fields
are defined as

νεβ(z, t)= ε2
∑
x∈�L

δ(z− εx)Ĩβ(ηt(x)),
whereĨβ(ηx)= Iβ(ηx)−mβ ,mβ = E

µ[Iβ(η0)] andηt (x)= {ηt (x, v), v ∈ V}.
THEOREM 2.3. – The density, momentum and energy empirical fields converg

t � t0, weakly(in space) in P
µL,n(·)
ε probability, to ρ(z, t) dz, u(z, t) dz and E(z, t) dz,

whereaρ + bE = c for suitablea, b, c.

Note that the transport coefficientsDα,β and Kα are suitable combinations of th
diffusion coefficientsDβ,να,γ in Theorem 2.1. The explicit expressions are given in
but we omit them because they do not play any role in this paper.
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3. Fluctuation field and results

In this paper, we are interested in the equilibrium fluctuations of the mass, mom
and energy fields. The initial fluctuations, distributed in terms of the measureµ, are
finite but they may become infinite at later very long times because of the effe
waves moving with velocityε−1, which are the solutions of the linearized (around
equilibrium) Euler equations (linear hyperbolic equations) for this model. To remov
diverging terms we have to modify the usual definition of fluctuation fields not sim
by a shift but considering fluctuations which move together with the traveling wave

We denote byUεt the operator exp(− t
ε
E∗) whereE is the linearized Euler operator,

5×5 matrix whose entries are first order differential operators with constant coeffic

E =
 0 −a0∂ 0

−b0∂ 0 −b4∂

0 −a4∂ 0


and∗ is the adjoint with respect to the usual scalar product inL2(T3,R

5) (the constants
ai andbi are defined in (2.6)).

For any smooth functionG= (Gβ)β=0,...,4 :T3 → R
5 consider the (scalar) fluctuatio

field ξ ε on the state space(T3)
⊗5

ξ ε
(
t,G

) = ε3/2
4∑
β=0

∑
x

(Uεt G)β(εx)Ĩβ
(
ηt (x)

)
. (3.1)

It is equivalent to consider the vector fluctuation field(ξ εβ)β=0,...,4 on T3 whose
componentsξ ε0 , (ξ εβ)β=1,...,3 andξ ε4 are respectively the density, momentum and ene
fluctuation fields, defined as

ξ εβ(t, ϕ)= ξ ε
(
t,G(β)

)
, β = 0, . . . ,4,

whereG(β) is the vector function with only theβ component non vanishing an
G
(β)
β = ϕ.
We want to study the evolution of the fluctuation fields in the limitε→ 0 when the

fields are initially distributed with the equilibrium measureµ (defined after (2.2)). We
notice that the initial covariance of the limiting fields limε→0 ξ

ε
β(0, ϕ)= ξβ(0, ϕ) is

E
µ
[
ξβ(0, ϕ)ξν(0,ψ)

]= Cβ,ν
∫
T3

dx ϕ(x)ψ(x), (3.2)

whereC is the compressibility matrix (5× 5)

C =
 〈h0〉 0

〈
h0

|v|2
2

〉
0 1

3

〈|v|2h0
〉
I3 0〈

h |v|2〉 0
〈
h |v|4〉

 , (3.3)
0 2 0 4
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with I3 the 3× 3 identity matrix,h0 defined in the paragraph before (2.4) and〈 · 〉 in the
paragraph after (2.2).

Remark thatE is not anti-hermitian inL2(T3,R
5), since a0 �= b0 and a4 �= b4.

However a straightforward computation shows thatEC satisfiesEC +CE∗ = 0.
We want to show that the fluctuation field converges to a stationary Gaussian

process with a given covariance. The equal time covariance is exactly (3.2) beca
the stationarity of the limiting process.

To state the results we need some extra notation. We introduce the Hilbert
Hk, k ∈ Z defined by the scalar product

〈G,H 〉k = 〈
G,LkH

〉
0,

whereL = I − �, � the Laplacian operator and〈. , .〉0 is the usual inner product o
L2(T3,R

5):

〈G,H 〉0 =
4∑
β=0

∫
T3

dx Gβ(x)Hβ(x). (3.4)

Denote by‖ · ‖k the norm ofHk and byH−k the dual ofHk with respect to the inne
product ofL2(T3,R

5). The fluctuation field(ξ ε(t))t�0 is a distribution valued stochast
process taking values in the Sobolev spaceH−k0 for some suitablek0. Its path space i
D([0, T ],H−k0) (T > 0), the space of functions with values inH−k0, right continuous
with left limits, endowed with the uniform (in time) weak (in space) topology. We
Qε the probability measure onD([0, T ],H−k0) induced by the fluctuation field an
the equilibrium measureµ and byP

µ
ε the law of the processηε−2t when the proces

is initially distributed according to the equilibrium measureµ. We denote byEµε the
expectation with respectPµε .

By analogy with (3.4), we define for local functionsg = (g0, . . . , g4) on 8L and
smooth functionsG= (G0, . . . ,G4) on T3

〈G,g〉0,L = ε3/2
4∑
β=0

∑
x∈�L

Gβ(εx)τxgβ. (3.5)

So the fluctuation field (3.1) can be rewritten as

ξ ε(t,G)= 〈
Uεt G, Ĩ

(
ηt (0)

)〉
0,L.

We recall the definition of the linearized Navier–Stokes operatorD

DG=
3∑

α,γ=1

Dα,γ ∂α∂γG,

Dα,β being, for anyα,β = 1, . . . ,3, 5× 5 matrices, whose elementsDγ,να,β are defined
in (2.10).
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We callN the operator defined as the limit inL2(T3,R
5)

lim
ε→0

1

T

T∫
0

dt exp
(
− t
ε
E

)
Dexp

(
t

ε
E

)
G

and for general differential operatorsA andD we use the notation

lim
ε→0

1

T

T∫
0

dt exp
(
− t
ε
A

)
D exp

(
t

ε
A

)
G= πA(D)G.

ThenN = πE(D) andπE(D)∗ is the adjoint ofN with respect to the inner product〈· , ·〉0

in L2(T3,R
5). The main result of this paper is

THEOREM 3.1. – The probability measures(Qε) converge weakly inD([0, T ],H−k0),
for integer k0 such thatk0 > 2 + d/2, to the lawQ of the stationary generalize
Ornstein–Uhlenbeck processξ with mean0 and covariance

E
Q
[
ξβ(s, φ)ξν(t,ψ)

]=
∫
T3

dx
(
(CS|t−s|)β,νφ

)
(x)ψ(x),

where (St)t�0 is the semi-group inL2(T3,R
5) associated toπE(D)∗ and C the

compressibility matrix. It is formally characterized by the SPDE

dξ(t) = Nξ(t) dt +B dWt,
BB∗ = −2NC.

One of the main ingredients needed while studying the equilibrium fluctuatio
the so-called Boltzmann–Gibbs principle which states that the non conserved qua
arising in the conservation laws may be replaced by linear combinations of the con
ones. In the context of a non gradient system, the usual statement is not valid an
corrections to the fluctuation field have to be introduced (see [3,4,14]). The situ
in the case of an asymmetric system is more delicate since the usual Boltzmann
estimate is not sharp enough and one has to prove a stronger result [5]. We n
generalize such a result to the present setup. Indeed we prove the following

THEOREM 3.2 (Boltzmann–Gibbs principle). –Assume thath ∈ G (see(2.3)). Then,
for any smooth functionG :R+ × T3 → R, the following estimate holds

lim sup
ε→0

E
µ
ε

[
sup

0�t�T

(
ε3/2−1

t∫
0

∑
x

G(s, εx)τxh(ηs) ds

)2]
� cV (h; r, θ)

T∫
0

ds
∥∥G(s, ·)∥∥2

0,

whereV is the infinite volume variance defined in(2.8).
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4. Limiting distribution of the fluctuation field

The theory of Holley–Stroock [12] characterizes the lawQ of the Ornstein–
Uhlenbeck processξ described in Theorem 3.1 by the following martingale problem

M1(t,G)= ξ(t,G)− ξ(0,G)−
t∫

0

ds ξ
(
s,πE(D)∗G

)
,

M2(t,G)= (
M1(t,G)

)2 + 2t
〈
G,C πE(D)∗G

〉
0

(4.1)

are martingales underQ. In this section, we will prove that any limit law	Q of Qε

satisfies (4.1). Therefore from the tightness of(Qε) (see Theorem 5.5 of Section 5),
has to converge toQ and Theorem 3.1 follows.

The processes analogous to (4.1) forQε are

Mε
1(t,G)= ξ ε(t,G)− ξ ε(0,G)−

t∫
0

ds ξ ε
(
s,πE(D)∗G

)
,

Mε
2(t,G)=

(
Mε

1(t,G)
)2 + 2t

〈
G,C πE(D)∗G

〉
0

and we want to show that these processes are martingales up to some error term
vanish asε goes to 0. Given local functionsh = (hα)α=1,2,3 = (hβα)α=1,2,3;β=0,...,4 ∈ G,
we introduce the modified fluctuation field

ζ ε(t,G,h)= ξ ε(t,G)− ε
3∑
α=1

〈
∂α(U

ε
t G),hα

〉
0,L,

where 〈·, ·〉0,L was defined in (3.5). Actually we will choose forh the terms of the
sequenceh(q) defined in Theorem 2.1, but we will omit the labelq for sake of shortness
It is clear that the difference betweenζ ε(t,G,h) andξ ε(t,G) vanishes inL2(Pµε ) with
ε. Moreover, it is well known that the following processes are martingales with re
to the usual filtration related to the process(ηt (x, v))

Mε
1(t,G,h)= ζ ε(t,G,h)− ζ ε(0,G,h)−

t∫
0

γ ε1 (s,G,h) ds,

Mε
2(t,G,h)=

(
Mε

1(t,G,h)
)2 −

t∫
0

γ ε2 (s,G,h) ds,

(4.2)

with

γ ε1 (t,G,h)=
(
∂t + ε−2L

)(
ζ ε(t,G,h)

)
,

γ ε2 (t,G,h)=
(
∂t + ε−2L

)(
ζ ε(t,G,h)2

)− 2ζ ε(t,G,h)
(
∂t + ε−2L

)(
ζ ε(t,G,h)

)
.

We first compute the compensatorγ ε1 . Letw(a)x,α = (w(a),βx,α )β=0,...,4. Then
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g

γ ε1 (t,G,h)=
〈
∂t
(
Uεt G

)
, Ĩ
(
ηt (0)

)〉
0,L − ε−1

3∑
α=1

〈
∂α
(
Uεt G

)
,Lhα(ηt)

〉
0,L

− ε−2
3∑
α=1

〈∇α(Uεt G), χ∇αĨ(ηt (0))+w(a)0,α(ηt )
〉

0,L

+R5(t,G,h), (4.3)

where, remembering that∂tUεt = −ε−1E∗Uεt ,

R5(t,G,h)= −
3∑
α=1

〈
∂α
(−E∗Uεt

)
G,hα(ηt)

〉
0,L.

Now, given	Dα,γ = (	Dβ,να,γ )β,ν=0,...,4, α, γ = 1,2,3, we add and subtract the term

3∑
α,γ=1

〈	Dα,γ ∂α(Uεt G),∇γ Ĩ(ηt (0))〉0,L

in (4.3). Thenγ ε1 (t,G,h) is equal to〈
∂t
(
Uεt G

)
, Ĩ
(
ηt (0)

)〉
0,L + 〈

D∗(Uεt G), Ĩ(ηt(0))〉0,L

− ε−1
3∑
α=1

〈
∂α
(
Uεt G

)
,w

(a)
0,α(ηt )− cα −

3∑
γ=1

	Dα,γ∇γ Ĩ(ηt (0))−Lhα(ηt )
〉

0,L

+R5(t,G,h)+R1(t,G)+R2(t,G)+R(t,G), (4.4)

with D∗ the adjoint inL2(T3,R
5) of the differential operatorD in (3.5),cα = (cβα)β=0,...,4

the equilibrium value of the currentw(a),β0,α (see (2.4)) and

R1(t,G)= ε−1
3∑
α=1

〈(
∂α − ε−1∇α)(Uεt G), χ∇αĨ(ηt(0))〉0,L,

R2(t,G)=
3∑

α,γ=1

〈(
ε−1∇−

γ − ∂γ )∂αDα,γ (Uεt G), Ĩ(ηt (0))〉0,L,

R(t,G)= ε−1
3∑
α=1

〈(
∂α − ε−1∇α)(Uεt G),w(a)0,α − cα〉0,L.

From the definition ofUεt G, the first term of the sum (4.4) can be written as

ε−1
3∑
α=1

〈(−E∗Uεt
)
G, Ĩ

(
ηt(0)

)〉
0,L = ε−1

3∑
α=1

〈
∂α
(
Uεt G

)
, dαĨ

(
ηt(0)

)〉
0,L

where the coefficients of the matrixdα = (dβ,να )β,ν=0,...,4 were defined in (2.5). Recallin
the definition of the local functionsgα = (gβα )β=0,...,4 anduα = (uβα)β=0,...,4 in (2.7), (2.9)
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γ ε1 (t,G,h)=
〈
D∗(Uεt G), Ĩ(ηt (0))〉0,L +

4∑
i=1

Ri(t,G)+
6∑
i=5

Ri(t,G,h),

where

R3(t,G)= ε−1
3∑
α=1

〈(
∂α − ε−1∇α + 1

2
∇−
eα
∂α

)(
Uεt G

)
, dαĨ

(
ηt(0)

)〉
0,L
,

R4(t,G)= ε−1
3∑
α=1

〈(
∂α − ε−1∇α)(Uεt G), gα(ηt)〉0,L

and

R6(t,G,h)= −ε−1
3∑
α=1

〈
∂α
(
Uεt G

)
, uα(ηt )

〉
0,L.

To prove that the compensator
∫ t

0 γ
ε
1 (t,G,h) ds is converging, we have to control th

remainder terms.
The remainders fori = 1,2,3 are easily controlled by the following

LEMMA 4.1. – Let h be a mean zero local function andG :R+ × T3 → R a
continuous function. Then there exists a constantc depending only onh such that, for
all T � 0 and all ε > 0

E
µ
ε

[
sup

0�t�T

( t∫
0

ds ε3/2
∑
x

G(s, εx)τxh(ηs)

)2]
� cT

T∫
0

ds
∥∥G(s, ·)∥∥2

∞.

The proof is an easy consequence of the Schwarz inequality and the stationarityP
µ
ε .

We refer to Lemma 4.1 in [5] for details.
By Taylor expansion and using Lemma 4.1 we immediately obtain

lim
ε→0

E
µ
ε

[( t∫
0

ds Ri(s,G)

)2]
= 0

for i = 1,2,3.
The other terms are estimated by using the refined Boltzmann–Gibbs pri

(Theorem 3.2) because the functionsgβα anduβα are inG (hβα ∈ G by hypothesis). We
get

lim
ε→0

E
µ
ε

[( t∫
ds R4(s,G)

)2]
= lim
ε→0

E
µ
ε

[( t∫
ds R5(s,G,h)

)2]
= 0
0 0



762 O. BENOIS ET AL. / Ann. I. H. Poincaré – PR 39 (2003) 743–777

h
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lim sup
ε→0

E
µ
ε

[( t∫
0

ds R6(s,G,h)

)2]
� c max

α=1,2,3

t∫
0

ds
∥∥∂α(Uεs G(·))∥∥2

0

3∑
α=1

4∑
β=0

V
(
uβα; r, θ

)
.

From the definition of the semi-group(Uεt ), it is clear that
∫ t

0 ds‖∂α(Uεs G(·))‖2
0 is

uniformly bounded inε. Moreover the diffusion coefficients	Dβ,να,γ are chosen in suc
a way that, since we take forhβα the terms of the sequence(h(q),βα ) given in Theorem 2.1
we have

lim
q→∞V

(
u(q),βα ; r, θ)= 0.

We have shown so far that there exists a random variableRqε which converges to 0 in
L2(Pµε ) asε→ 0 and thenq→ ∞ such that

Mε
1(t,G,h)= ξ ε

(
t,G

)− ξ ε(0,G)−
t∫

0

ds
〈
D∗(Uεs G), Ĩ(ηs(0))〉0,L +Rqε . (4.5)

We would like to have instead of the third term in (4.5) a term of the form

〈
Uεs (HG), Ĩ

(
ηs(0)

)〉
0,L

for some suitable operatorH that we could then rewrite asξ ε(s,HG), so to identify the
limiting martingale problem. We proceed in the following way:

〈
D∗(Uεs G), Ĩ(ηs(0))〉0,L = 〈

Uεs
(
Uεs

)−1D∗Uεs G, Ĩ
(
ηs(0)

)〉
0,L.

By Lemmas A.2 and A.3

lim
ε→0

E
µ
ε

[( t∫
0

ds
[
ξ ε
(
s,
(
Uεs

)−1D∗Uεs G
)− ξ ε(s,π−E∗(D∗)G

)])2]
= 0.

Hence, noticing thatπ−E∗(D∗) = πE(D)∗, we have proved that there exists a rand
variableCqε which converges to 0 inL2(Pµε ) whenε→ 0 and thenq→ ∞ such that

Mε
1(t,G,h)= ξ ε(t,G)− ξ ε(0,G)−

t∫
0

ds ξ ε
(
s,πE(D)∗G

)+Cqε .

We now compute the compensatorγ ε2 in (4.2). We first remark that

γ ε2 (t,G,h)=
(
ε−2L

)(
ζ ε(t,G,h)2

)− 2ζ ε(t,G,h)
(
ε−2L

)
ζ ε(t,G,h).
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We introduce the operatorL(2) = Lex,(2) +Lc,(2) for local functionsf andg as

Lex,(2)(f ;g) = Lex(fg)− fLexg− gLexf,

Lc,(2)(f ;g) = Lc(fg)− fLcg − gLcf.

Then we obtain

γ ε2 (t,G,h)= Y ε1 (t,G)+ Y ε2 (t,G,h)+ Y ε3 (t,G,h),
where

Y ε1 (t,G)= ε
4∑

β,ν=0

∑
x,y

(
Uεt G

)
β
(εx)

(
Uεt G

)
ν
(εy)Lex,(2)(Ĩβ(ηx); Ĩν(ηy)),

Y ε2 (t,G,h)= −2ε2
3∑
α=1

4∑
β,ν=0

∑
x,y

(
Uεt G

)
β
(εx)∂α

(
Uεt G

)
ν
(εy)Lex,(2)(Ĩβ(ηx); τyhνα),

Y ε3 (t,G,h)= ε3
3∑

α,γ=1

4∑
β,ν=0

∑
x,y

∂α
(
Uεt G

)
β
(εx)∂γ

(
Uεt G

)
ν
(εy)L(2)

(
τxh

β
α; τyhνγ

)
.

From the explicit formulas (4.7), (4.8) and (4.9) that we will get below forYi(t,G),
i = 1,2,3 and the use of Lemma 4.1 it is easy to see that

t∫
0

ds
(
γ ε2 (s,G,h)− E

µ
ε

[
γ ε2 (s,G,h)

])
is converging to 0 inL2(Pµε ). So, all we need to compute isEµε [γ ε2 (t,G,h)].

Notice that

Lex,(2)(f ;g) = ∑
x,e,v

b(x, x + e, v)∇x,x+e,vf∇x,x+e,vg,

Lc,(2)(f ;g) = ∑
x,q

∇x,qf∇x,qg,
(4.6)

with ∇x,x+e,vf = f (ηx,x+e,v)− f (η), ∇x,qf = f (ηx,q)− f (η) and

b(x, y, v)=
(
χ + 1

2
v · (y − x)

)
η(x, v)

(
1− η(y, v)).

So, if we letφ0(v)= 1, φβ(v)= vβ for β = 1,2,3 andφ4(v)= 1
2|v|2, a straightforward

computation leads to the following

Y ε1 (t,G)= ε3
3∑
α=1

4∑
β,ν=0

∑
x

(
∂α
(
Uεt G

)
β
∂α
(
Uεt G

)
ν

)
(εx)

×∑[
b(x, x + eα, v)+ b(x + eα, x, v)]φβ(v)φν(v)+ O(ε). (4.7)
v
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Therefore

E
µ
ε

[
Y ε1 (t,G)

]= ε32χ
3∑
α=1

4∑
β,ν=0

∑
x

Cβ,ν
(
∂α
(
Uεt G

)
β
∂α
(
Uεt G

)
ν

)
(εx)+ O(ε)

=−2χ
〈(
Uεt G

)
,�C

(
Uεt G

)〉
0 + O(ε),

where� is the vectorial Laplacian operator defined as(�G)β =�Gβ . Observe that

〈(
Uεt G

)
,�C

(
Uεt G

)〉
0 = 〈

G,e− t
ε
ECe− t

ε
E∗
�G

〉
0 = 〈

G,Ce
t
ε
E∗

e− t
ε
E∗
�G

〉
0,

where we have used thatEC = −CE∗. In conclusion,Y ε1 (t,G) converges inL2(Pµε ) to
−2χ〈G,C�G〉0.

We get in the same way

Y ε2 (t,G,h)= 2ε3
3∑

α,γ=1

4∑
β,ν=0

∑
x

(
∂α
(
Uεt G

)
β
∂γ
(
Uεt G

)
ν

)
(εx)

×∑
v

[
b(x, x + eα, v)− b(x + eα, x, v)]

× φβ(v)∇x,x+eα,vI(hνγ )+ O(ε), (4.8)

whereI(hνγ )=
∑
x τxh

ν
γ . Sinceµ is invariant for the jump generator of particles with

given velocity, it is easy to check that

E
µ
[
η(x, v)

(
1− η(x + eα, v))∇x,x+eα,vI(hνγ )]= 0,

which implies that the time integral ofY ε2 (t,G,h) converges to 0 inL2(Pµε ) by
Lemma 4.1.

The last termY ε3 (t,G,h) is given by

ε3
3∑

α,γ=1

4∑
β,ν=0

∑
x

(
∂α
(
Uεt G

)
β
∂γ
(
Uεt G

)
ν

)
(εx)

×
[ ∑
v;|e|=1

b(x, x + e, v)∇x,x+e,vI(hβα)∇x,x+e,vI(hνγ )
+∑

q

∇x,qI(hβα)∇x,qI(hνγ )]. (4.9)

By using again Lemma 4.1 it is immediate to show that the time integral ofY ε3 converges
in L2(Pµε ) to its average that we are going to compute.

Let Lex
s be the symmetric part ofLex in L2(µ). It is easy to check that for any loc

functionsf andg∑
v;|e|=1

E
µ
[
η(0, v)

(
1− η(e, v))∇0,e,vI(f )∇0,e,vI(g)

]= 2E
µ
[
I(f )

(−Lex
s

)
g
]
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e and
and ∑
q

E
µ
[∇0,qI(f )∇0,qI(g)

]= 2E
µ
[
I(f )

(−Lc)g].
Therefore

E
µ
ε

[
Y ε3 (t,G)

]= 2ε3
∑
x

E
µ
ε

[
I
(
∂
(
Uεt G

)
(εx) · h)(−Ls)

(
∂
(
Uεt G

)
(εx) · h)],

whereLs anda · b were defined after (2.10). Remember that the functionsh= (hβα) are
chosen as the terms of the sequence(h(q),βα ) in Theorem 2.1. Lemma 2.2 asserts that

lim
q→∞ E

µ
[
I
(
a · h(q))(−Ls)

(
a · h(q))]= a · (	DC)a.

Hence,

E
µ
ε

[
Y ε3 (t,G,h)

]= 2ε3
∑
x

∂
(
Uεt G

) · (	DC)∂(Uεt G)+ oq(1)

=−2
〈
Uεt G, (

	DC)(Uεt G)〉0 + oq(1)+ O(ε),

where, denoting by	Dα,γ the matrix(	Dβ,να,γ )β,ν=0,...,4,

	DG=
3∑

α,γ=1

	Dα,γ ∂α∂γG.

With the property	DC =C	D∗, we get〈
Uεt G, (

	DC)(Uεt G)〉0 = 〈
e− t

ε
E∗
G, (C	D∗)e− t

ε
E∗
G
〉

0 = 〈
G,Ce

t
ε
E∗ 	D∗e− t

ε
E∗
G
〉

0

and by Lemma A.2

lim
ε→0

t∫
0

ds exp
(
s

ε
E∗

)
	D∗ exp

(
− s
ε
E∗

)
= t π−E∗(	D∗)= tπE(	D)∗,

so

lim
ε→0

E
µ
ε

[ t∫
0

ds Y ε3 (s,G,h)

]
= −2t

〈
G,C πE(	D)∗G〉0.

To summarize, we have proved that there exists a random variableRqε vanishing in
L2(Pµε ) in the limitsε→ 0 and thenq→ ∞ such that

Mε
2(t,G,h)=

(
Mε

1(t,G,h)
)2 + 2t

〈
G,CπE(	D)∗G〉0 + 2tχ〈G,C�G〉0 +Rqε

= (
Mε

1(t,G,h)
)2 + 2t

〈
G,C πE(D)∗G

〉
0 +Rqε .

This completes the proof of Theorem 3.1, once the Boltzmann–Gibbs principl
Lemmas A.2 and A.3 are proved.
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5. The Boltzmann–Gibbs principle

Since we closely follow the strategy proposed in [5] to prove Theorem 3.2, we
only focus our attention to the points where non trivial changes are necessary.

One of the ingredients in the proof is the equivalence of ensembles, which is cla
for Bernoulli product measures but, as far as we know, is not in our case. We state
a weaker statement which will suffice to our purpose.

For a given chemical potentialn ∈ R
5, let M(n) = (M0(n), . . . ,M4(n)) be defined

asMβ(n)= E
µL,n [Iβ(η0)]. If we putA=M(R5), it is easy to verify thatn !→M(n) is

aC1 diffeomorphism fromR
5 ontoA, in particular the inverse functionM !→ n(M) is

continuous onA. Givena > 0, we introduce the setAa ofM ∈A such that,|n(M)− n̄| �
a, with n̄ = (r,0,0,0, θ) the equilibrium chemical potentials. We denote byµ̄L,M the
grand canonical measureµL,n(M) which satisfies thereforeEµ̄L,M [Iβ(η0)] = Mβ for
β = 0, . . . ,4.

Recall thatĪ+
L (η)= (Ī+

0,L(η), . . . , Ī
+
4,L(η)) are the empirical averages of the conser

quantities in�L. For any particle configurationη in 8L, we call 	NvL(η), v ∈ V , the
average number of particles with velocityv in �L.

Also recall the definition ofφβ(v) before (4.6). Givenk = (kv)v∈V , we setIβ(k) =∑
v φβ(v)kv andI+(k)= (I0(k), . . . , I4(k)).
LEMMA 5.1 (Equivalence of ensembles). –Let h be a local function. Then ther

exists a constantc= c(h, a) such that∣∣Eµ[h | Ī+
L =M]−Eµ̄L,M [h]∣∣� cε3

uniformly inM ∈Aa.
Proof. –Let G be the number of velocities inV and denote byνα, α = (αv)v∈V ,

the product measure on8L of Bernoulli measures with parametersα = (αv)v, i.e.
Eνα [η(x, v)] = αv. A straightforward extension of the classical strong equivalenc
ensembles asserts that for any local functiong,∣∣Eνα [g | 	NvL = kv, v ∈ V

]−Eνk [h]∣∣ � C(h)ε3 (5.1)

uniformly in k = (kv)v∈V ∈ BL = {0,L−3, . . . ,1}G.
We first compute the termEµ[h | Ī+

L =M]. Since this expectation does not depend
the chemical potential (herēn), it is equal toEν1/2[h | Ī+

L =M] with the obvious abus
of notation 1/2= (1/2, . . . ,1/2). Therefore, from (5.1),

E
µ
[
h | Ī+

L =M] =
∑
k∈BL,Ī+L (k)=M ν1/2

(	NvL = kv, v ∈ V
)
Eνk [h]∑

k∈BL,Ī+L (k)=M ν1/2
(	NvL = kv, v ∈ V

) + O
(
ε3). (5.2)

Since the particles with different velocities are independent

ν1/2
(	NvL = kv, v ∈ V

)= ∏
ν1/2

(	NvL = kv)

v∈V
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and the asymptotics of a single term in the product above is given by the Stirling fo

ν1/2
(	NvL = k)= 1√

2πε−3k(1− k) exp
[−ε−3(s(k)+ log 2

)]
×
(

1+ O
(

ε3

k(1− k)
))
, (5.3)

wheres(k)= k logk+ (1− k) log(1− k) is the entropy. In particular, if(kv)v belongs to
BδL := BL ∩ [δ,1− δ]G for some smallδ > 0, then

ν1/2
(	NvL = kv, v ∈ V

)= 1√
(2πε−3)G

∏
v kv(1− kv)

× exp
[
−ε−3

∑
v

(
s(kv)+ log2

)](
1+ O

(
ε3)).

The fact that the entropy is convex suggests to use the Laplace method to der
asymptotics of both terms in the ratio (5.2). This is the aim of Lemma 5.2 below w
is stated in theG= 1 case without any constraint onk, nevertheless the generalization
higher dimension with constrains is easy because, up to a linear change of va
k !→ k′, the sums overk in (5.2) with constraints can be written as a sum with
constraint overk′ in a cube of dimensionG − 5 (5 is the number of linear condition
I+(k)=M). Therefore, we have∑
k∈Bδ

L
,Ī+(k)=M

ν1/2
(	NvL = kv, v ∈ V

)
Eνk [h]

= Tε√
(2πε−3)G

∏
v k

∗
v (1− k∗v )

exp
[
−ε−3

∑
v

(
s(k∗v )+ log 2

)]
Eνk∗ [h](1+ O

(
ε3)),

wherek∗ is the minimizer of
∑
v(s(kv)+ log2) under the constraintsk ∈ [δ,1− δ]n and

I+(k)=M ,

Tε =
∑

k∈Bδ
L
,Ī+(k)=M

|k−k∗|�ε3α

exp
[
−
∑
v s

′′(k∗v )
2

ε−3(k − k∗)2
]
.

with 0< α < 1/2. Notice that this result holds provided that the minimizerk∗ satisfies
k∗ ∈ ]δ,1− δ[G, that will be shown below. As a consequence, the ratio (5.2) is equa

Eνk∗ [h](1+ O
(
ε3)),

provided that the contributions from “bad” configurations are negligible.
Let κ be the minimizer of

∑
v(s(kv)+ log2) under the constraintsk ∈ [0,1]G, I+(k)=

M . From Lagrange optimization theorem,κ has to minimize the function

∑
v

(
s(kv)+ log 2

)−
4∑
β=0

γβ
∑
v

(
φβ(v)kv −Mβ

)
,
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whereφβ have been defined in the line before (4.7) and(γβ) are Lagrangian multipliers
So the minimizer satisfies

s′(κv)=
4∑
β=0

γβφβ(v), v ∈ V.

Since the derivative of the entropys′(α) is equal to the associated chemical poten
λ= log α

1−α , we haveνκ = µL,γ , γ = (γ0, . . . , γ4) but the constraintI+(κ)=M implies
thatγ = n(M) that is to sayνκ = µ̄L,M and in particularEνκ [h] =Eµ̄L,M [h]. Moreover,
if λv = log κv

1−κv is the chemical potential related toκv, then we have

λv =
4∑
β=0

φβ(v)nβ(M).

From the assumptionM ∈ Aa , the previous equality implies that we can chooseδ > 0
small enough such thatκ ∈]2δ,1−2δ[G uniformly inM ∈Aa. Such a choice ofδ implies
thatk∗ = κ .

So the lemma will be proved if we finally show that the contribution of the “badk
(k ∈ BL \ [δ,1 − δ]G) inside the sums in the numerator and denominator of the r
(5.2) is irrelevant with respect to the leading term. From Stirling formula (5.3), the
c > 0 such that

∑
k/∈Bδ

L
,Ī+(k)=M

ν1/2
(	NvL = kv, v ∈ V

)
� exp

[
−ε−3

∑
v

(
s(kv)+ log 2

)− c logε
]
.

From the discussion above, there existsb > 0 such that
∑
v s(kv) � ∑

v s(κv) + b,
therefore ∑

k/∈Bδ
L
,Ī+(k)=M

ν1/2
(	NvL = kv, v ∈ V

)

� cexp
[
−ε−3

∑
v

(
s(κv)+ log 2

)]
exp

[−bε−3/2
]
. ✷

LEMMA 5.2. – Let ψ and φ be smooth functions on[0,1], ψ concave,φ non
negative. Assume that the maximizerθ of ψ is in ]0,1[ , then

N∑
i=0

φ

(
i

N

)
exp

[
Nψ

(
i

N

)]
= SN

(
α,
ψ ′′(θ)

2

)
φ(θ)exp

[
Nψ(θ)

](
1+ O

(
1

N

))
,

with θ the maximizer ofψ and

SN(α, a)=
∑

|i−Nθ |�N1−α
exp

[
a
(i −Nθ)2

N

]
, 0< α <

1

2
.
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n,

,

Proof. –We start by factorizing the leading term exp[Nψ(θ)] in the sum. For
simplicity call

UN(i)= φ
(
i

N

)
expN

[
ψ

(
i

N

)
−ψ(θ)

]
.

From the assumption onθ , if δ > 0 there exists a constantc(δ) > 0 such that

∑
|i−Nθ |>Nδ

UN(i)� exp
[−Nc(δ)].

Moreover, choosingδ small enough ensures thatψ(x)− ψ(θ)� −c(x − θ)2 provided
that |x − θ | � δ, wherec > 0 is a constant which will change from line to line. The
given 0< α < 1

2, ∑
N1−α<|i−Nθ |�Nδ

UN(i)� exp
[−N1−2αc(δ)

]
. (5.4)

So the main contribution is coming from
∑

|i−Nθ |�N1−α UN(i). Using Taylor expansion
we see that in this range ofi’s,

UN(i)= exp
[
b0
j2

N

](
a0 + a1

(
j

N

)
+ a0b1N

(
j

N

)3

+ O
((

j

N

)2)
+ O

(
N

(
j

N

)4))
,

wherej = i
N

− θ , a0 = φ(θ), a1 = φ′(θ), b0 = ψ ′′(θ)
2 < 0 andb1 = ψ(3)(θ)

6 . By the “almost
oddness” ofj ,

∑
|i−Nθ |�N1−α

exp
[
b0
j2

N

](
a1

(
j

N

)
+ a0b1N

(
j

N

)3)
= O

(
1

N

)
SN(α, b0). (5.5)

We also remark

∑
|i−Nθ |�N1−α

(
j

N

)2

exp
[
b0
j2

N

]
� c

N

∑
|i−Nθ |�N1−α

exp
[
b0
j2

2N

]
,

so that

∑
|i−Nθ |�N1−α

(
j

N

)2

exp
[
b0
j2

N

]
= O

(
1

N

)
SN

(
α,
b0

2

)
. (5.6)

We get in the same way

∑
|i−Nθ |�N1−α

N

(
j

N

)4

exp
[
b0
j2

N

]
= O

(
1

N

)
SN

(
α,
b0

2

)
. (5.7)
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Finally, comparingN−1/2SN(α, a) (a < 0) with the integral of a Gaussian, it is easy
check thatSN(α, a)= c(a)

√
N + O(1), therefore

SN

(
α,
b0

2

)
= O(1)SN(α, b0). (5.8)

Putting together formulas (5.4) to (5.8), the lemma is proved.✷
Even if the equivalence of ensembles that we stated in Lemma 5.1 is weake

the classical one, it is enough to prove the following result which is actually the
estimate needed in the proof of Boltzmann–Gibbs principle.

COROLLARY 5.3. – If h ∈ G is a local function then

E
µ
[(

E
µ
[
h | Ī+

L =M])2]� cε6.

Proof. –Let ĥ= E
µ[h | Ī+

L ], h̃(M)=Eµ̄L,M [h] and consider the decomposition

E
µ
[
ĥ2] � 2E

µ
[(
ĥ− h̃(Ī+

L

))2]+ 2E
µ
[(
h̃
(
Ī+
L

))2]
.

Sinceh is in G, we have

h̃(m)= 0 and
∂h̃

∂Mβ

∣∣∣∣
M=m

= 0,

with mβ the equilibrium values ofIβ(η0). Therefore

∣∣h̃(Ī+
L

)∣∣� c 4∑
β,ν=0

∣∣(Īβ,L(η)−mβ)(Īν,L(η)−mν)∣∣.
HenceE

µ[(h̃(Ī+
L ))

2] � cε6.
On the other hand, it results from Lemma 5.1 that for anya > 0

E
µ
[(
ĥ− h̃(Ī+

L

))2] � c(a)ε6 + cPµ[I+
L /∈Aa

]
.

From the continuity of the functionM !→ n(M), there existsb > 0 such that

Pµ
[
I+
L /∈Aa

]
� Pµ

[∣∣I+
L −m∣∣> b].

Finally, since I+
L = 1

|�L|
∑
x I

+(ηx) with I+(ηx) i.i.d. random vectors with finite
exponential moments and expectationm underµ, a large deviation estimate provides

Pµ
[∣∣I+
L −m∣∣> b] � exp

(−cε3). ✷
The first result used in [5] (Lemma 4.3) before establishing Boltzmann–Gibbs

general estimate bounding the equilibrium expectation of the squared time integ
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zero mean functions of Markov processes by their‖ · ‖−1 norm. More precisely, ifX
is a Markov process on the finite state spaceE with generatorL and ergodic invarian
measureπ , then there exists a (universal) constantc > 0 such that for any functio
f : [0, T ] × E → R satisfyingE

π [f (t,Xt)] = 0 for anyt ∈ [0, T ], we have

E
π

[
sup

0�t�T

( t∫
0

ds f (s,Xs)

)2]
� c

T∫
0

ds
∥∥f (s, ·)∥∥2

−1, (5.9)

where

‖f ‖2
−1 = sup

g

{
2〈f,g〉 + 〈g,Lsg〉}

andLs is the symmetric part ofL in L2(π).
The next lemma (corresponding to Lemma 4.4 in [5]) is needed to contro

remainder terms in the proof of the Boltzmann–Gibbs principle.

LEMMA 5.4. – For any local functionh ∈ G, there exists a constantc(h) > 0 such
that for any subsetB of �L, any smooth functionG : [0, T ] × T3 → R and ε small
enough,

E
µ
ε

[
sup

0�t�T

( t∫
0

ds ε3/2−1
∑
x∈B
G(s, εx)τxh(ηs) ds

)2]

� c(h)(1+ T )
T∫

0

ds ε3
∑
x∈B
G2(s, εx). (5.10)

Proof. –Following [9] (Section 4), we introduce an alternative representation fo
particle configurationηx = (η(x, v))v∈V at sitex: one can findn(n− 5) numberscβ(v),
β = −n+ 5, . . . ,−1 andv ∈ V , such that if we put

Iβ(ηx)=
∑
v∈V
cβ(v)η(x, v),

then the mapηx !→ (Iβ(ηx))β=−n+5,...,4 is one to one. Moreover the coefficientscβ(v) can
be chosen in such a way that the covariancesE

µ[Iβ(ηx); Iν(ηx)], β �= ν, vanish (excep
β, ν ∈ {0,4}). We also introduce the variablesĨβ(ηx)= Iβ(ηx)− E

µ[Iβ(ηx)].
Let Gex be the space of functionsh such thatEµ[h] = 0 and

∑
x E

µ[h; Iβ(ηx)] = 0
for anyβ = −n+ 5, . . . ,4. The integration by parts lemma valid for ASEP (Lemma
in [8]) easily generalizes to a superposition of ASEP.

We now turn to the proof. Fixh ∈ G, we can find coefficients(aβ)β<0 such that
h− ∑

β<0aβ Īβ,L is in Gex, whereĪβ,L(η) = |�L|−1∑
x Iβ(ηx). Therefore, it is enoug

to prove the lemma in the case whereh ∈ Gex and in the case whereh = Īβ,L(η). The
first case is a straightforward generalization of Lemma 4.4 in [5] since the integ
by parts formula is valid inGex. In the second case, denote byÎβ(ηx) (β < 0 fixed) the
conditional expectation ofIβ(ηx) with respect to the empirical averages of the conse
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quantitiesĪ+
L . Then the left hand side of (5.10) is bounded above (up to a factor

the sum of the two terms

E
µ
ε

[
sup

0�t�T

( t∫
0

ds ε3/2−1	GBs
∑
x

(
Iβ(ηx)− Îβ(ηx))ds

)2]
, (5.11)

where	GBs := ε3∑
x∈B G(s, εx), and

E
µ
ε

[
sup

0�t�T

( t∫
0

ds ε3/2−1
∑
x∈B
G(s, εx)Îβ(η0) ds

)2]
. (5.12)

From the inequality (5.9), (5.11) is less than or equal to

cVL
(
Ĩβ(η0), r, θ

) T∫
0

ds
(	GBs )2

and by Corollary 4.6 of [9],V (Ĩβ(η0), r, θ)= lim supL VL(Ĩβ(η0), r, θ) <+∞. So (5.11)
is bounded above by

c

T∫
0

ds ε3
∑
x∈B
G2(s, εx)

(c a positive constant). Finally, by stationarity ofµ, the term (5.12) is less than

ε−5
E
µ
[(
Îβ(η0)

)2]
T

T∫
0

ds
(	GBs )2

.

From Corollary 5.3,Eµ[(Îβ(η0))
2] � cε6 and (5.12) is going to zero asε→ 0. ✷

Finally, Corollary 5.3 and Lemma 5.4 allow to extend straightforwardly the proo
the Boltzmann–Gibbs principle given in Section 4 of [5] to obtain Theorem 3.2.

We conclude this section by pointing out that the arguments for the proof of tigh
(Section 5 of [5]) can be easily adapted to our case. Notice that, up to now, we d
need to have the supremum over time inside the expectation in the Boltzmann–
statement, however it is used in this part to control some terms arising in mart
compensators. So, we can state

THEOREM 5.5. – The family of probability(Qε)ε>0 onD([0, T ],H−k0), with k0 an
integer: k0> 2+ d/2, is tight since

lim
M→∞ lim sup

ε→0
Qε

(
sup

0�t�T

∥∥ξ εt ∥∥−k0 >M
) = 0 (5.13)
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and for anya > 0

lim
δ→0

lim sup
ε→0

Qε
(

sup
|s−t |<δ

0�s,t�T

∥∥ξ εt − ξ εs
∥∥−k0 > a

)= 0. (5.14)
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Appendix A

LetA be the space ofn×nmatrices with complex entries.A is a Hilbert space unde
the scalar product

(X,Y )= ∑
1�k,G�n

	Xk,GYk,G.

Given a matrixA in A the projector6A is defined as the orthogonal projection on
C(A), the commutator space ofA

C(A)= {
M ∈A: [M,A] = 0

}
, [M,A] :=MA−AM.

LEMMA A.1. –LetA be a diagonalizable matrix,Sp(A) ∈ iR. Then, for any matrix
M and t > 0

lim
ε→0

1

t

t∫
0

ds exp
(
− s
ε
A

)
M exp

(
s

ε
A

)
=6A(M).

Proof. –We follow the proof in [7]. LetP be a non-singular matrix andR a real
diagonal matrix such thatA = P−1iRP . Let {Sj , j = 1, . . . ,m} be a partition of the
integers{j = 1, . . . , n} such that

Rk =RG if k, G ∈ Sj for somej,

Rk �=RG otherwise,

whereRj, j = 1, . . . , n, are the eigenvalues ofR. We define the bar operation in th
following way: letK = (Kk,G) ∈A be

Kk,G =
{

1 if k, G ∈ Sj for somej ,

0 otherwise.

Then 	M ,M ∈A, is defined as

	Mk,G =Kk,GMk,G.
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Observe that	M is the diagonal part ofM in the simple case ofR with distinct
eigenvalues.

We have that

exp
(
− s
ε
A

)
M exp

(
s

ε
A

)
= P−1 exp

(
− is
ε
R

)
PMP−1 exp

(
is

ε
R

)
P.

It is proved in [7] thatP−1PMP−1P is a projection ontoC(A). Hence 	M = 6R(M)
becauseR is diagonal. Moreover,6R(M) = 6A(M) becauseR is diagonal. So it is
enough to prove that for anyM

lim
ε→0

1

t

t∫
0

ds exp
(
− is
ε
R

)
M exp

(
is

ε
R

)
= 	M.

In [7] it is also shown that for any matrixM there exists a matrixS such thatM can be
decomposed as

M = 	M + [S,R].
Since 	M commutes withR

exp
(
− is
ε
R

)
M exp

(
is

ε
R

)
= 	M + exp

(
− is
ε
R

)
[S,R]exp

(
is

ε
R

)
.

The second term on the r.h.s gives

(
exp

(
− is
ε
R

)
[S,R]exp

(
is

ε
R

))
k,G

= Sk,G(RG −Rk)exp
(
is

ε
(Rk −RG)

)
,

whereS = (Sk,G) andR = (Rk,G)= (Rkδk,G). As a consequence,

lim
ε→0

1

t

t∫
0

ds exp
(
− is
ε
R

)
[S,R]exp

(
is

ε
R

)
= 0. ✷

LEMMA A.2. –Let A be a first order differential operator such that its Fouri
transform Â(k) satisfiesSp(Â(k)) ∈ iR for any k and let D = ∑3

α,γ=1Dα,γ ∂α∂γ be a
second order differential operator, whereD = (Dα,γ ) = (Dβ,να,γ ) is a positive definite
rank 2 tensor. Then there exists a positive definite second order differential ope
πA(D) such that for anyG smooth

lim
ε→0

∥∥∥∥∥
t∫

0

ds

[
exp

(
− s
ε
A

)
D exp

(
s

ε
A

)
− πA(D)

]
G

∥∥∥∥∥
0

= 0.



O. BENOIS ET AL. / Ann. I. H. Poincaré – PR 39 (2003) 743–777 775

y
mption,

f

Proof. –Let D̂(k) be the Fourier transform ofD

D̂(k)= −
3∑

α,γ=1

Dβ,να,γ kαkγ Ĝ(k).

It is enough to prove that for anyt > 0 and for anyG smooth there exists a matrix̂πA(D)

such that

lim
ε→0

∥∥∥∥∥
t∫

0

ds

[
exp

(
− s
ε
Â

)
D̂exp

(
s

ε
Â

)
− π̂A(D)

]
G

∥∥∥∥∥
0

= 0

where‖ · ‖0 is the usual norm inL2(T3,R
5). Choosingπ̂A(D)= πÂ

(D̂), that is an eas
consequence of Lemma A.1 via dominated convergence theorem since, by assu
Â is diagonalizable with pure complex eigenvalues which implies‖exp( s

ε
A)‖0 � const.

Finally, sinceD̂ is positive definite, the same is true forπ
Â
(D̂). ✷

Notice that Lemma A.2 implies that for any 0� s � t ,

lim
ε→0

∥∥∥∥∥
t∫
s

du

[
exp

(
−u
ε

A

)
D exp

(
u

ε
A

)
− πA(D)

]
G

∥∥∥∥∥
0

= 0.

LEMMA A.3. –LetAε(s), A be linear operators fromHk0+2 to Hk0 such that

sup
ε,0�s�t

∥∥Aε(s)∥∥
k0+2→k0

<∞

and for anyG ∈Hk0+2 and0 � s < t

lim
ε→0

∥∥∥∥∥
t∫
s

du
[
Aε(u)−A]G∥∥∥∥∥

k0

= 0.

Then, for anyG ∈Hk0+2

lim
ε→0
Eµε

[( t∫
0

ds ξ ε
(
s,
[
Aε(s)−A]G))2]

= 0,

whereξ εs is the fluctuation field.

Proof. –We set〈ξ εt ,G〉 = ξ ε(t,G). Let 0= t0< t1 < · · ·< tG = t be a subdivision o
the interval[0, t] of sizeδ > 0. Then

t∫
ds ξ ε

(
s,Aε(s)G

) =
G−1∑
i=0

〈
ξ εti ,

ti+1∫
t

ds Aε(s)G

〉
+Rε1,
0 i
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with

Rε1 =
G−1∑
i=0

ti+1∫
ti

ds
〈
ξ εs − ξ εti ,Aε(s)G

〉
.

Since ∣∣Rε1∣∣� t sup
|s1−s2|�δ
0�s1,s2�t

∥∥ξ εs1 − ξ εs2
∥∥−k0 sup

0�s�t

∥∥Aε(s)∥∥
k0+2→k0

‖G‖k0+2,

it results from tightness (5.14) that for anya > 0,

lim
δ→0

lim sup
ε→0

P
ε
µ

(∣∣Rε1∣∣> a)= 0.

Moreover
t∫

0

ds
〈
ξ εs ,A

ε(s)G
〉 =

G−1∑
i=0

〈
ξ εti ,AG

〉
(ti+1 − ti)+Rε1 +Rε2,

with

∣∣Rε2∣∣=
∣∣∣∣∣
G−1∑
i=0

ti+1∫
ti

ds
〈
ξ εti ,

(
Aε(s)−A)G〉∣∣∣∣∣

� t sup
0�s�t

∥∥ξ εs ∥∥−k0 max
i

∥∥∥∥∥
ti+1∫
ti

ds
[
Aε(s)−A]G∥∥∥∥∥

k0

.

By assumption

lim
ε→0

max
i

∥∥∥∥∥
ti+1∫
ti

ds
[
Aε(s)−A]G∥∥∥∥∥

k0

= 0.

So, using tightness (5.13), we get forM > 0 andε small enough

P
ε
µ

(∣∣Rε2∣∣> a) � P
ε
µ

(
sup

0�s�t

∥∥ξ εs ∥∥−k0 >
a

tM

)

which vanishes in the limitM → 0 afterε→ 0. With the same kind of arguments (usi
tightness again), we get

G−1∑
i=0

〈
ξ εti ,AG

〉
(ti+1 − ti )=

t∫
0

ds
〈
ξ εs ,AG

〉+Rε3,

where

lim
δ→0

lim supP
ε
µ

(∣∣Rε3∣∣> a)= 0.

ε→0
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We have proved so far that
∫ t

0 ds (ξ
ε(s,Aε(s)G) − ξ ε(s,AG)) converges to 0 inPµε

probability. To assert that the convergence occurs inL2(P µ) it suffices, e.g., to chec
that

sup
ε

E
µ
ε

[( t∫
0

ds
〈
ξ εs ,

(
Aε(s)−A)G〉)4]

<∞,

which is clear from the assumptions on the operatorAε(s) andA. ✷
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