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ABSTRACT. – Consider uniformly elliptic random walk onZd with independent jump rate
across nearest neighbour bonds of the lattice. We show that the infinite volume effective di
matrix can be almost surely recovered as the limit of finite volume periodized effective diff
matrices.
 2003 Éditions scientifiques et médicales Elsevier SAS
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RÉSUMÉ. – Pour un modèle reversible et elliptique de marche aléatoire en milieu alé
indépendant on montre que le coefficient effectif de diffusion en volume infini peut être o
comme limite presque sûre des coefficients effectifs en volume fini.
 2003 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

Consider the following model of random walk in random environment: Givenc � 1,
the space of environments

�= {
ξ(b) ∈ [1/c, c], b ∈ Ed

}
,

is specified by the jump rates across the nearest neighbour bondsb ∈ Ed , with Ed

denoting the set of edges of thed-dimensional integer latticeZd . We consider the produc
measureµ= µ⊗Ed

0 on� obtained from a probability measureµ0 supported on[1/c, c].
✩ Partly supported by the ISRAEL SCIENCE FOUNDATION founded by The Israel Academy of Sc

and Humanities.∗ Corresponding author.
E-mail addresses:caputo@mat.uniroma3.it (P. Caputo), ieioffe@ie.technion.ac.il (D. Ioffe).
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For every fixed realizationξ ∈ � of the environment we denoteX(t, ξ) the neares
neighbour continuous time random walk onZ

d which starts at the origin and jump
according toξ(b) rates. The symbolEξ stands for expectation over this process. Thi
thequenchedregime.

In the annealedregime the initial random environment is sampled fromµ. In the
uniformly elliptic case we consider here the infinite volume annealed homogeniz
result is well known [14,11,10,3], and the effective diffusion matrixD of X(t)=X(t, ξ)

is defined by

∀v ∈ R
d (Dv, v)=

d∑
i,j=1

viD
ij vj = lim

t→∞
1

t
EµE

ξ
((
X(t, ξ), v

))2
. (1.1)

We shall briefly recall the Kipnis–Varadhan theory and the variational formula
(Dv, v) in Section 2.1. Meanwhile let us proceed with describing the finite vol
approximation for the random environment. This is done in a straightforward fas
LetN ∈ Z+ and denote byπNξ the periodized bond configuration

(πNξ)i(x)= ξi(ẋ), x ∈ Z
d, ẋ ∈ TN

�= Z
d/2NZ

d, (1.2)

whereξi(x), i = 1, . . . , d, stands for the rateξ(b) across the bondb = (x, x + ei), with
ei the unit vector in theith direction. Herėx ∈ {−N, . . . ,N −1}d , x = ẋ+2Nz, z ∈ Z

d ,
andπNξ is a periodic configuration which coincides withξ on the bonds belongin
to the torusTN . We consider the processX(t,πNξ) describing a particle moving i
Z
d according to the ratesπNξ . As we shall recall in the beginning of Section 3,

finite volume homogenization result forX(t,πNξ) is, actually, a much simpler stateme
than the infinite volume one. In particular, there is essentially no difference betwe
quenched and annealed regimes, and∀ξ ∈� the finite volume effective diffusion matri
DN(ξ) is well defined and given by

∀v ∈ R
d

(
DN(ξ)v, v

) = d∑
i,j=1

viD
ij
N (ξ)vj = lim

t→∞
1

t
E
πNξ

((
X(t,πNξ), v

))2
.

Notice that in general the value ofDN = DN(ξ) depends on the realization of th
periodized environmentπNξ .

Our main result here asserts that the finite volume effective diffusivities are ra
self-averaging and, furthermore, the sequence{DN(ξ)} converges to the annealed infin
volume diffusivityD.

THEOREM 1.1. – There exists a powerν = ν(c, d) > 0, such that:

max
i,j

µ
(∣∣Dij

N (ξ)−EµD
ij
N(ξ)

∣∣>N−ν
)
< e−Nν

, (1.3)

for all N sufficiently large. Furthermore,

lim
N→∞EµDN(ξ)=D. (1.4)



P. CAPUTO, D. IOFFE / Ann. I. H. Poincaré – PR 39 (2003) 505–525 507

be an

ment
jump
joint
ices
eneral
urse,

n 4.5,
lation

unaki–

) go
oped in
sults
usion

fields

ny
hn [5],
onvex
can be
tilted
ningful
trictly

ecisely
it has
ibrium
Remark1. – As it has been pointed out by an anonymous referee it happens to
easy matter to prove a complementary exponential lower bound: There existε > 0 and
κ > 0 such that

max
i,j

µ
(∣∣Dij

N(ξ)−EµD
ij
N (ξ)

∣∣> ε
)
> e−κNd

.

A sharp large deviation type description ofDN(ξ) remains an open problem.

Of course, as an immediate consequence of Theorem 1.1 we obtain thatµ-almost
surely,

lim
N→∞DN(ξ)=D. (1.5)

Our proof of Theorem 1.1 strongly relies on specific properties of the environ
measureµ: the concentration type result (1.3) relies on the independence of the
ratesξ(b), whereas the proof of (1.4) makes use of the exchangeability of the
distribution ofξ(b). Most recently the dual variational description of the inverse matr
D−1

N andD−1 has been used to establish the convergence result (1.5) in the g
context of ergodic jump rates [17]. The finite volume estimate (1.3) should, of co
require more stringent assumptions on the mixing properties of theξ -field and so far
(1.3) seems to be the only result in this direction. Also, as we shall explain in Sectio
our proof has an additional advantage of giving a natural interpretation of the trans
covariant states for a harmonic interface in a random environment in terms of the F
Spohn states [5].

We would like to mention that approximation results of the type (1.4) or (1.5
beyond the general spectral analysis of the Kipnis–Varadhan approach as devel
[10] or [3]. This issue is briefly addressed in Section 4.4. Similar approximation re
have been recently derived in [12] in a much more delicate case of the self-diff
coefficient of the tagged particle in the exclusion process.

Our main motivation for this work came from the theory of massless gradient
on Z

d . These are specified by the formal Hamiltonian

H(φ)= ∑
x

d∑
i=1

U
(∇iφ(x)

) = ∑
x

d∑
i=1

U
(
ηi(x)

)
,

where∇i is the discrete lattice gradient;ηi(x) = ∇iφ(x) = φ(x + ei) − φ(x). In the
uniformly elliptic case, 1/c �U ′′(·) � c, the infinite volume gradient states exist in a
dimensiond � 1, and, as it has been established in the paper by Funaki and Spo
any translation invariant infinite volume gradient state is decomposable into the c
combination of the extremal states (the so called Funaki–Spohn states), which
constructed as limits of finite volume periodized measures with appropriately
slopes. The very same approximation by the periodized states leads [5] to a mea
definition of the (slope-dependent) surface tension. The latter is known to be s
convex [4,7].

On the mesoscopic level, the integral of the surface tension happens to be pr
the large deviation rate function for the appropriately scaled height field [4], and
been conjectured in [7] that the Hessian of the surface tension governs the equil
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fluctuations in the corresponding Funaki–Spohn state. In view of the random
representation developed in [4], this conjecture would follow from an approxim
result along the lines of Theorem 1.1, but for a different type of environment. We
to [7] for further details. To the best of our knowledge this is still an open problem.

The paper is organized as follows: In Section 2 we briefly recall the variat
formula for the infinite volume effective diffusion matrix and express it in terms of
corrector field. The relevant properties of the corrector field are listed in Propositio
and, other way around, we show that for everyv ∈ R

d the corrector fieldψv is uniquely
determined by these properties. Subsequently,ψv is recovered as theL2(µ) limit of
the periodized corrector fields̃ψN,v in Proposition 3.1 of Section 3. This alrea
leads to the convergence of the averaged finite volume effective diffusivitiesEµDN(ξ),
Corollary 3.2. In Section 4 we show thatDN(ξ) concentrates around its expect
value EµDN(ξ). The concentration estimates of Section 4.3 prove the main cla
Theorem 1.1. The key ingredient of the proof is an a-prioriLp estimate of Section 4.1
which is used to derive appropriate bounds on the Hamming distance in Section 4
Meyers argument suchLp estimate follows from discrete version of Calderon–Zygm
inequality. Since we could not find direct references to the latter, the proof is sketc
Appendix A.

2. Diffusivity in the infinite medium

2.1. The variational formula

We will denoteξi(x), i = 1, . . . , d, x ∈ Z
d , the rateξ(b) at the bondb = (x, x + ei),

with ei the unit vector in theith direction. When we writeξi only we meanξi(0). τyξ
denotes the shifted configuration(τyξ)i(x)= ξi(x− y), x, y ∈ Z

d , i = 1, . . . , d. We also
use the notation, for anyf :�→ R,

Dif (ξ)= f (τ−ei ξ )− f (ξ), D∗
i f (ξ)=−Dif (τei ξ ).

In the above notation the associated process of the environmentξt = τX(t)ξ seen from
the particle (see [10,3]) is a Markov process with infinitesimal generator

Lf (ξ)=−
d∑

i=1

D∗
i (ξiDif )(ξ). (2.1)

By translation invarianceµ is a reversible measure for this process and (2.1) de
a bounded self adjoint operator inL2(µ) with Eµ[gLf ] = −∑d

i=1 Eµ[ξiDigDif ],
f,g ∈ L2(µ).

It is well known [3] that the annealed effective diffusion matrixD in (1.1) can be
recovered from the variational formula:

(Dv, v)= 2 inf
f∈L2(µ)

d∑
i=1

Eµ

(
ξi(vi +Dif )

2). (2.2)
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2.2. Corrector field

In general, the above variational problem cannot be solved forf . However the nex
proposition shows that if we only look at “gradients” off the problem has a uniqu
solution.

PROPOSITION 2.1. – For everyv ∈ R
d we have

(Dv, v)= 2
d∑

i=1

viEµξi
(
vi +ψi

v

) = 2
d∑

i=1

Eµξi
(
vi +ψi

v

)2
(2.3)

whereψi
v, i = 1, . . . , d, are the unique elements ofL2(µ) such that

• Eµψ
i
v = 0,

• ∑d
i=1D

∗
i [ξi(vi +ψi

v(ξ))] = 0, µ-a.s.,
• Dkψ

i
v =Diψ

k
v , µ-a.s.,i, k = 1, . . . , d.

The above statement is well known and can be proven in several ways [18
However, for the convenience of the reader and for the purpose of recalling re
quantities in the Kipnis–Varadhan approach a proof is given below.

Proof. –For any vectorv ∈ R
d we define the local drift or current alongv as

ϕv(ξ)=
d∑

i=1

vi
(
ξi(0)− ξi(−ei)

) =−
d∑

i=1

viD
∗
i ξi(0). (2.4)

Let us now define the functions

χλ
v = (−L+ λ)−1ϕv, λ > 0, v ∈ R

d, (2.5)

or, in terms of the process:

χλ
v (ξ)= E

ξ

∞∫
0

e−λtϕv(τX(t)ξ )dt.

Following Kipnis and Varadhan [10], Theorem 1.3 – see also [16] – one can us
spectral resolution of the non-negative operator−L onL2(µ) to prove

λEµ

(
χλ
v

)2 → 0, λ→ 0+. (2.6)

Moreover one can prove that there exist functionsψi
v ∈L2(µ), i = 1, . . . , d, such that

d∑
Eµξi

(
Diχ

λ
v −ψi

v

)2 → 0, λ→ 0+, (2.7)

i=1
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which in turn by the ellipticity ofξ implies strong convergence ofDiχ
λ
v toψi

v in L2(µ).
In particular, we have

Eµ

(
ϕv(−L)−1ϕv

) = lim
λ→0+

Eµϕvχ
λ
v =− lim

λ→0+

d∑
i=1

viEµξiDiχ
λ
v =−

d∑
i=1

viEµξiψ
i
v.

Since (2.2) is equivalent to

(Dv, v)= 2
d∑

i=1

Eµ(ξi)v
2
i − 2Eµ

(
ϕv(−L)−1ϕv

)
, (2.8)

we obtain the first identity in (2.3).
To prove the second one we observe that

d∑
i=1

Eµξi
(
ψi
v

)2 =−
d∑

i=1

viEµξiψ
i
v. (2.9)

This follows from (2.6) and the convergence ofDiχ
λ
v to ψi

v (2.7) since

d∑
i=1

Eµξi
(
ψi
v

)2 = lim
λ→0+

d∑
i=1

Eµξi
(
Diχ

λ
v

)2 = lim
λ→0+

Eµ

(
χλ
v (−L)χλ

v

)
= lim

λ→0+
{
Eµχ

λ
v ϕv − λEµ

(
χλ
v

)2} =−
d∑

i=1

viEµξiψ
i
v.

Next we show that the functionsψv satisfy the three properties in the statement.
first property is obvious sinceψi

v is theL2(µ)-limit of a gradient andµ is translation
invariant. To prove the second identity recall that, in view of (2.6)

lim
λ→0+

Eµ

(
f (−L)χλ

v

) = Eµ(f ϕv), f ∈L2(µ).

Therefore for anyf ∈ L2(µ) we have

d∑
i=1

EµfD
∗
i

[
ξi

(
vi +ψi

v(ξ)
)] =−Eµ(f ϕv)+ lim

λ→0+
Eµ

(
f (−L)χλ

v

) = 0.

The third identity follows in a similar fashion fromDkDiχ
λ
v =DiDkχ

λ
v , λ > 0.

Finally, to prove uniqueness we adapt the argument of Theorem 2 in [18] a
Proposition 3 in [2]: In the language of [2] the fieldψv(ξ) = (ψ1

v (ξ), . . . ,ψ
d
v (ξ)) is,

by the third of the properties in (2.3), anL2(µ)-cocycle. A straightforward modificatio
of the proof of Proposition 3 in [2] reveals that anyL2(µ)-cocycle(u1(ξ), . . . , ud(ξ)) is,
in fact, anL2-limit of gradients: There exists a sequencegγ ∈L2(µ), γ > 0, with

Eµ

(
Dkgγ − uk

)2 → 0, γ → 0+, k = 1, . . . , d. (2.10)
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Uniqueness ofψv is an easy consequence. Indeed, fixv and letuk = ψk
1,v − ψk

2,v, with
ψ1,v,ψ2,v both satisfying the required conditions. We then have

d∑
k=1

Eµξku
kDkf = 0, f ∈ L2(µ). (2.11)

Choosingf = gγ in (2.11), withgγ as in (2.10), we obtain

d∑
k=1

Eµξk
(
uk

)2 = lim
γ→0+

d∑
k=1

Eµξku
kDkgγ = 0,

which, by the ellipticity ofξ , impliesuk = 0 µ-a.e.,k = 1, . . . , d. ✷
Remark2. – Using the linearity inv implicit in the definition (2.5) we may define th

functionsψij �=ψi
ej

, i, j = 1, . . . , d, so that

ψi
v = (.v)i

�=
d∑

j=1

ψij vj . (2.12)

The diffusivityD is then given by the matrix

D = 2Eµ/(1+.) (2.13)

with / denoting the diagonal matrix/ij = ξiδij . The functionsψij are often called the
corrector fields and. the stream matrix.

Remark3. – The diffusion constantD has an explicit expression ifd = 1. Indeed, for
anyv ∈ R, ξ(v+ψv(ξ)) must be constantµ-a.s. and normalizing we have

ψv(ξ)= v
[
ξ−1(

Eµξ
−1)−1 − 1

]
, D = (

Eµξ
−1)−1

. (2.14)

By ellipticity we see that the corrector fieldψv is uniformly bounded in this case. Th
situation is different ifd � 2. There is no longer an expression forψv and all we know
apriori is thatψ ∈ L2(µ). For d = 2 this has been upgraded in [1] toψ ∈ L2+ε(µ) for
someε > 0, which (in two dimensions) leads to an almost sure homogenization res
the sequel, c.f. the remark following Theorem 4.1, we shall establish thatψ ∈ L2+ε(µ)

in any dimensiond � 2.

3. Diffusivity in the periodic medium

In the case of the periodized environment (1.2), we consider the projected ra
walk Ẋ(t, πNξ) onTN , i.e. an irreducible Markov chain with finite state space and un
invariant measureρN defined by

EρN f = 1

|TN |
∑
x∈T

f (x), f :TN → R. (3.1)

N
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Then, introducing the periodic function

ϕN
v (x)= ϕv(τ−xπNξ),

whereϕv is defined by (2.4), we arrive as in (2.8) at the expression

(
DN(ξ)v, v

) = 2
d∑

i=1

EρN

(
(πNξ)i

)
v2
i − 2EρN

(
ϕN
v (−LN)

−1ϕN
v

)
, (3.2)

where the generatorLN describes the jumps onTN , i.e. for any periodic functionf on
Z
d

LNf (x)= (πNξ)i(x)
[
f (x + ei)− f (x)

] + (πNξ)i(x − ei)
[
f (x − ei)− f (x)

]
.

Alternatively, identifying periodic functions with functions onTN we may write

LNf (x)=−
d∑

i=1

∇̃∗
i

(
(πNξ)i(x)∇̃if (x)

)
, f :TN → R, (3.3)

where∇̃ are the discrete gradients on the torusTN . We then have the variational princip

(
v,DN(ξ)v

) = 2 inf
f : TN→R

d∑
i=1

EρN

(
(πNξ)i(vi + ∇̃if )

2). (3.4)

In this finite-dimensional setting the above problem may be solved directly withou
approximation procedure outlined in the proof of Proposition 2.1. Namely, define

χN,v(x)= (−LN)
−1ϕN

v (x), x ∈ Z
d, (3.5)

and observe thatχN,v is a bounded periodic function for eachN . Boundedness follow
from the exponential mixing properties of the process generated byLN , sinceEρNϕ

N
v =

0. As in the previous section we then have

(
v,DN(ξ)v

) = 2
d∑

i=1

viEρN (πNξ)i
(
vi +ψi

N,v

) = 2
d∑

i=1

EρN (πNξ)i
(
vi +ψi

N,v

)2
(3.6)

whereψi
N,v , i = 1, . . . , d, are defined by

ψi
N,v(x)= χN,v(x + ei)− χN,v(x)= ∇̃iχN,v(x). (3.7)

Clearly ψi
N,v are periodic functions. The dependence onξ becomes explicit in the

notation

ψi
N,v(x, ξ)=ψi

N,v(x)=ψi
N,v(0, τ−xπNξ).
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From now onψi
N,v will be regarded as a function ofξ , by setting

ψ̃ i
N,v(ξ)=ψi

N,v(0, ξ ), i = 1, . . . , d. (3.8)

PROPOSITION 3.1. – For eachv ∈ R
d , ψ̃N,v → ψv in L2(µ), asN →∞, whereψv

is the field defined in Proposition2.1.

Proof. –Notice that, as in (2.9)

d∑
i=1

EρN (πNξ)i
(
ψi
N,v

)2 =−
d∑

i=1

viEρN (πNξ)iψ
i
N,v. (3.9)

Then by ellipticity and using Schwarz’ inequality we obtain

max
i

EρN

(
ψi
N,v

)2 � c2|v|2. (3.10)

Now we observe that since the bond variablesξ are exchangeableunder µ, the
distribution ofπNξ coincides with that ofτxπNξ for any x ∈ Z

d . In particular we see
that

Eµ

(
ψ̃ i
N,v

)2 = 1

|TN |
∑
x∈TN

Eµ

(
ψi
N,v(0, τxπNξ)

)2 = EµEρN

(
ψi
N,v(·, ξ )

)2
(3.11)

and (3.10) provides a uniform bound on theL2(µ)-norm of ψ̃ i
N,v , which implies weak

convergence along subsequences. Next we show that any weak limit point must
the conditions of Proposition 2.1, thus establishing the weak convergence ofψ̃N,v toψv.
Let ψ̃ i∞,v be a weak limit ofψ̃ i

N,v . Eµψ̃
i∞,v = 0 is a consequence ofEµψ̃

i
N,v = 0, which

in turn follows from exchangeability. To check the second condition we show tha
any local functionf ∈ L2(�) we have

d∑
i=1

Eµ

[
Dif ξi

(
vi + ψ̃ i

∞,v(ξ )
)] = 0. (3.12)

From the definition ofψi
N,v , writing out (3.5) explicitly we have

d∑
i=1

∇̃∗
i

(
(πNξ)i(x)ψ

i
N,v(x, ξ)

) = ϕN
v (x), x ∈ TN.

At x = 0 this yields

d∑[
(τei ξ )i

(
vi + ψ̃ i

N,v(τeiπNξ)
)− ξi

(
vi + ψ̃ i

N,v(πNξ)
)] = 0. (3.13)
i=1
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If f ∈ L2(�) is local, thenf (ξ) = f (πNξ) and f (τ±ej ξ ) = f (τ±ej πNξ) whenN is
large, and by the exchangeability we have∫

�

µ(dξ)f (πNξ)(τei ξ )iψ̃
i
N,v(τeiπNξ)=

∫
�

µ(dξ)f (τ−ei πNξ)ξiψ̃
i
N,v(ξ).

Multiplying (3.13) withf and integrating we see that whenN is large

d∑
i=1

Eµ

[
Dif ξi

(
vi + ψ̃ i

N,v

)] = 0,

and the claim (3.12) follows from weak convergence. The last condition in Pro
tion 2.1 is proven by similar reasoning, using also

∇̃iψ
k
N,v = ∇̃i∇̃kχN,v = ∇̃k∇̃iχN,v = ∇̃kψ

i
N,v.

By the orthogonality relations (2.9) and (3.9) we, using again exchangeabil
in (3.11), infer:

lim
N→∞

d∑
i=1

Eµξi
(
ψ̃ i
N,v

)2 =
d∑

i=1

Eµξi
(
ψi
v

)2
.

In view of the uniform ellipticity condition,ξi � 1/c > 0, this implies that̃ψi
N,v converge

strongly inL2(µ). ✷
An immediate corollary of the above results is the mean convergence of the dif

constants{DN(ξ)}:
COROLLARY 3.2. – For everyv ∈ R

d ,

lim
N→∞ Eµ

(
v,DN(ξ)v

) = (v,Dv).

Proof. –Follows from the representation formulas (2.3) and (3.6), exchangeabilit
theL2(µ) convergence of̃ψi

N,v to ψi
v. ✷

4. Almost sure convergence of DN

In this section we show that the periodized finite volume effective diffusion mat
DN(ξ) converge to the infinite volume effective diffusivityD almost surely in the
environment, that is (1.5) holds.Lp bounds on the gradients̃∇χN,v of the solutions to
(3.5) set up stage for an application of Talagrand’s concentration estimates, which
that for everyv ∈ R

d :

µ-a.s. lim
∣∣(DN(ξ)v, v

)− Eµ

(
DN(ξ)v, v

)∣∣ = 0. (4.1)

N→∞
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In the sequel we shall useχξ
N,v instead ofχN,v , just in order to stress the dependence

solutions of (3.5) on a particular realization

ξ ∈�N
�= [1/c, c]TN

of the periodized environment.

4.1. Lp estimates

Eq. (3.5) is uniformly elliptic inN ∈ N andξ ∈�N .

THEOREM 4.1. – There exists a powerp = p(c) > 2 and a constantα = α(c) <∞,
such that uniformly inv ∈ R

d , N ∈ N andξ ∈�N ,

∥∥∇̃χ
ξ
N,v

∥∥
N,p

=
(

1

|TN |
∑
x∈TN

∣∣∇̃χξ
N,v(x)

∣∣p)1/p

� α|v|. (4.2)

Remark. – By the exchangeability of theξ -environment, (4.2) implies

sup
N

Eµ|ψ̃N,v|p <∞,

whereψ̃N,v has been defined in (3.8). Since the infinite volume corrector field c
be obtained as an almost sure limit ofψ̃Nk,v along a subsequence{Nk}, it follows that
ψv ∈ Lp(µ) for everyv ∈ R

d .

Because of the uniform ellipticity ofLN the inequality (4.2) follows by Meyer
argument [15] (see also Step 1 in Section 3.3 in [4] for the discrete case) on
correspondingLq estimate holds for the Poisson equation

d∑
i=1

∇̃∗
i ∇̃iu(x)=−

d∑
i=1

∇̃∗
i fi(x) (4.3)

for someq > 2. Namely, we have to show that there existsβ = β(q) <∞, such that for
anyN ∈ N and every vector field�f = (f1, . . . , fd) onTN solutionsu of (4.3) satisfy:

‖∇̃u‖qN,q = 1

|TN |
∑
x∈TN

∣∣∇̃u(x)∣∣q � β(q)‖ �f ‖qN,q . (4.4)

(4.4) is a discrete version of Calderon–Zygmund inequality. We could not find a
reference which would cover the case we consider here. For the convenience
reader, a brief sketch of the proof is given in Appendix A.

4.2. Bounds on the Hamming distance

For ξ, ξ ′ ∈�N let us define the Hamming distance

dHam,N {ξ, ξ ′} =
∑
x∈T

d∑
i=1

δξi (x) �=ξ ′
i
(x).
N
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We

we
Setq = p/(p−2) <∞, wherep= p(c) > 2 is as in the statement on Theorem 4.1.
claim that uniformly inv and inξ, ξ ′ ∈�N ,

∣∣(DN(ξ)v, v
)− (

DN(ξ
′)v, v

)∣∣ � c1|v|2
[

1

|TN |dHam,N {ξ, ξ ′}
]1/q

. (4.5)

Indeed, by (3.4) and (3.6),

1

2

(
DN(ξ)v, v

)= min
f : TN �→R

1

|TN |
∑
x∈TN

d∑
i=1

ξi(x)(vi + ∇̃if )
2

= 1

|TN |
∑
x∈TN

d∑
i=1

ξi(x)
(
vi + ∇̃iχ

ξ
N,v

)2
, (4.6)

for everyv ∈ R
d andξ ∈ �N . Consequently, in view of the a-priori estimate (4.2),

infer:

1

2

∣∣(DN(ξ)v, v
)− (

DN(ξ
′)v, v

)∣∣
� 1

|TN |
∑
x∈TN

d∑
i=1

∣∣ξi(x)− ξ ′i (x)
∣∣[(vi + ∇̃iχ

ξ
N,v(x)

)2 + (
vi + ∇̃iχ

ξ ′
N,v(x)

)2]

� c2|v|2
[

1

|TN |
∑
x∈TN

d∑
i=1

∣∣ξi(x)− ξ ′i (x)
∣∣q]1/q

.

Obviously,

∑
x∈TN

d∑
i=1

∣∣ξi(x)− ξ ′i (x)
∣∣q � cqdHam,N {ξ, ξ ′},

uniformly in ξ, ξ ′ ∈�N , and the bound (4.5) follows.

4.3. Concentration of DN(ξ)

By (4.6)

0 �
(
DN(ξ)v, v

)
� c|v|2,

for everyv ∈ R
d and for each realization of the environmentξ ∈�N . Thus, givenεN > 0

one can find a value�DN(v) ∈ [0, c|v|2], such thatµ(AN(v)) � 2εN/(c|v|2), where we
define the setAN(v)⊂�N as:

AN(v)= {
ξ ∈�N :

∣∣(DN(ξ)v, v
)− �DN(v)

∣∣< εN
}
.

Everyξ ′ ∈�N such that ∣∣(DN(ξ
′)v, v

)− �DN(v)
∣∣> 2εN ,
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min
ξ∈AN(v)

∣∣(DN(ξ)v, v
)− (

DN(ξ
′)v, v

)∣∣ > εN.

By (4.5) we arrive to the following bound on suchξ ′ in terms of the Hamming distanc

dHam,N
{
ξ ′,AN(v)

} = min
ξ∈AN(v)

dHam,N {ξ ′, ξ }> c4

(
εN

|v|2
)q

Nd.

We are now in position to use the concentration estimate (5.2) in [19]:

µ
(∣∣(DN(ξ

′)v, v
)− �DN(v)

∣∣> 2εN
)

� µ

(
ξ ′: dHam,N

{
ξ ′,AN(v)

}
> c4

(
εN

|v|2
)q

Nd

)

� 1

µ(AN(v))
exp

{
−c5

ε
2q
N

|v|4q N
d

}
� c|v|2

2εN
exp

{−c6
(|v|)ε2q

N Nd
}
. (4.7)

It remains to chooseεN =√
N−(d−�)/q (consequently,ε2q

N Nd =N� in (4.7) above) for
some�> 0: Since the sequence of random variables(DN(ξ)v, v) is uniformly bounded
we readily infer from (4.7) that∣∣Eµ

(
DN(ξ)v, v

)− �DN(v)
∣∣ < 3εN

for all large enough values ofN , and the assertion (1.3) of Theorem 1.1 follows w
ν = min{�, (d −�)/2q}.
4.4. Spectral measures of the local drift ϕv

In the notation of Section 3 let us introduce the empirical measures

µN =µ
ξ
N = 1

|TN |
∑
x∈TN

δτ−xπN ξ .

Notice that for everyξ ∈ � fixed or, equivalently, for eachπNξ ∈ �N fixed there is
an obvious correspondence between the spacesL2(TN,ρN) andL2(�N,µN): for every
f ∈ L2(TN,ρN) definef̂ ∈ L2(�N,µN) via f̂ (τ−xπNξ)= f (x) and vice versa.

By (2.8) and (3.2) the limiting relation (1.5) could be written as

µ-a.s. lim
N→∞EµN

(
ϕv(−LN)

−1ϕv
) = Eµ

(
ϕv(−L)−1ϕv

)
. (4.8)

Fix nowv ∈ R
d . Let ν and, respectively,νN = ν

ξ
N be the spectral measures ofϕv relative

to the operator(−L) onL2(�,µ) and, respectively, relative to the operator(−LN) on
L2(�N,µ

ξ
N). Both−L and all of−LN are self-adjoint and bounded on the respec

spaces. LetK be a common upper bound on the spectral radiuses. In terms of sp
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measures the limit in (4.8) reads as

µ-a.s. lim
N→∞

K∫
0

ν
ξ
N(dr)

r
=

K∫
0

ν(dr)

r
. (4.9)

Kipnis–Varadhan approach is based on the fact that
∫ K

0
ν(dr)
r

(or, respectively,
∫ K

0
ν
ξ

N
(dr)
r

in the case of the periodized environment) is bounded above. We claim tha
convergence result (4.9) is equivalent to the following uniform continuity near zero
property of the family{νξN(dr)/r}: µ-almost surely

lim
δ→0

sup
N

δ∫
0

ν
ξ
N(dr)/r = 0.

Such an equivalence would follow if, for example, we are able to show thatµ-almost
surely the sequence{νξN} ∗-weakly converges toν. The latter is a consequence of

LEMMA 4.2. –

lim
N→∞

K∫
0

e−nrν
ξ
N(dr)=

K∫
0

e−nrν(dr), (4.10)

µ-a.s. for alln ∈ N.

Proof. –The claim of the lemma essentially follows from the strong law of la
numbers: Since the local driftϕv is bounded,

K∫
0

e−nrν
ξ
N(dr)=

1

[2(N −M)]d
∑

x∈{−N+M,...,N−M−1}d
ϕv(τ−xξ)E

ξ
xϕ

N
v

(
Ẋ(n,πNξ)

)
+ O

(
M

N

)
, (4.11)

whereẊ(n,πNξ) is the wrapping round the torusTN of the random walkX(n,πNξ)

moving in the periodic environmentπNξ and P
ξ
x (resp. E

ξ
x) denotes the law (resp

expectation) of such random walk with the starting pointẊ(0, πNξ)= x. Since the jump
rates ofX(t, ξ) are, uniformly inξ ∈�, bounded above byc,

max
x∈TN

sup
ξ∈�

P
ξ
x

(
max

0�t�n

∣∣X(t, ξ)− x
∣∣ >M

)
� c5e−c6M

2/n.

Consequently,

E
ξ
xϕ

N
v

(
Ẋ(n,πNξ)

) = E
ξ
xϕv

(
X(n, ξ)

)+ O
(
e−c6M

2/n
)
, (4.12)

uniformly in x ∈ {−N + M, . . . ,N − M − 1}d . Substituting (4.12) into (4.11) an
choosingM =M(N)=√

N , we arrive to the claim of the lemma.✷
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4.5. Some remarks on a massless Gaussian field with bond disorder

A harmonic interface in the quenched random environmentξ ∈� is described by the
formal Hamiltonian

H(φ)= 1

2

∑
x

d∑
i=1

ξi(x)
(∇iφ(x)

)2
, (4.13)

where∇iφ(x) = φ(x + ei) − φ(x) is the discrete gradient inZd . We shall see below
how the corrector fields introduced in previous sections can be used to characte
interesting class of Gibbs measures for the interaction (4.13).

In order to localize the interface ind = 1,2 we may consider the field pinned at t
origin, i.e. we imposeφ(0)= 0. Since the interaction (4.13) is quadratic a full descrip
of the setGξ of infinite-volume Gibbs measures for a given typical realizationξ ∈� is
available. Namely, it is well known ([6], Theorems (13.22) and (13.24)) that the s
extremal elements ofGξ , denoted extGξ , coincides with the set of Gaussian fields
R

Z
d

with a ξ -harmonic mean vectorχ :Zd → R satisfying∑
i

∇∗
i

(
ξi(x)∇iχ(x)

) = 0, x ∈ Z
d; χ(0)= 0, (4.14)

and covarianceGξ(x, y) given by the Green function of the random walk in theξ -
environment killed upon hitting the origin. Here∇∗

i denotes the conjugate gradient
Z
d : ∇∗

i φ(x)= φ(x − ei)− φ(x). extGξ is thus characterized by solutions to (4.14).
To study the tilted states associated to (4.13) it is convenient to work directly wi

gradient fieldηi
�=∇iφ. This is no loss of information in view of the conditionφ(0)= 0.

In particular, with the correspondenceσi =∇iχ , (4.14) is equivalent to∑
i

∇∗
i

(
ξi(x)σi(x)

) = 0, ∇kσi(x)=∇iσk(x), i, k = 1, . . . , d, x ∈ Z
d, (4.15)

and extGξ is characterized by solutions to (4.15), so thatν ∈ extGξ is a Gaussian mea
sure on(Rd)Z

d

with meanσ satisfying (4.15) and covariance

C
ξ
ij (x, y)

�= covν
(
ηi(x), ηj (y)

)
=Gξ(x + ei, y + ej )+Gξ(x, y)−Gξ(x + ei, y)−Gξ(x, y + ej ).

Translation covariance and tilted states. A random Gibbs measure is a measura
map ν :� → {Gξ , ξ ∈ �} such thatνξ ∈ Gξ for every ξ ∈ �. The mapν· is called
translation covariantwhenνξ ◦ θx = ντxξ for everyξ ∈�, x ∈ Z

d , whereθx denotes the
action of translation group andτx is the environment shift. We define thetilted statesfor
our interface in random environment as the set of translation covariant random
measuresν· such thatνξ ∈ extGξ . It is not difficult now to use Proposition 2.1 to giv
a full characterization of tilted states. Indeed, sinceC

ξ
ij is translation covariant, we on

have to characterize the translation covariant mapsξ → σ ξ with σ ξ obeying (4.15). Fo
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everyv ∈ R
d we know that

σ ξ
v (x)

�= v +ψv(τ−xξ)

satisfies (4.15). On the other hand if we additionally require thatσ ξ (0) is in L2(�,µ)

then the uniqueness statement in Proposition 2.1 allows to conclude thatσ ξ
v , v ∈ R

d are
the only maps with these properties. In other words, for everyv ∈ R

d the Gaussian
measureνξv with covarianceCξ and meanσ ξ

v is the unique tilted state such th
Eµ[νξv (η(0))] = v andEµ[νξv (|η(0)|2)] < ∞. The above measures are the analogu
our setting of Funaki–Spohn states for translation invariant massless gradient field

Tilted states on the torus and surface tension. To carry this analogy a little furthe
here we mimic the construction of [5] to describe tilted states as the infinite volume
of tilted measure on the torusTN .

Define>N as the set of̃η ∈ (Rd)TN such thatη̃ = ∇̃φ for someφ ∈ R
TN , ∇̃ being as

usual the discrete gradient on the torus. Consider the probability measure on>N defined
by

ν̃
ξ
N,v(dη̃)=

1

Z
ξ
N,v

exp
(
−1

2

∑
x∈TN

∑
i

(πNξ)i(x)
(
η̃i (x)+ vi

)2
)
mN(dη̃) (4.16)

wheremN(dη̃) stands for the image of Lebesgue measure under the mapφ → ∇̃φ.
Notice that by symmetryE

ν̃
ξ

N,0
(η̃(x)) = 0, x ∈ TN . Thus whenv = 0, ν̃ξN,0 is the

centered Gaussian measure on>N with covarianceCξ
N,ij , which in turn, by a well known

representation formula (see e.g. [4], Proposition 2.2 for a general statement) is gi

C
ξ
N,ij (x, y)= ∇̃i

[
(−LN)

−1∇̃∗
j 1{y}

]
(x),

whereLN has been introduced in (3.3) and 1{y}(x) is 1 if x = y and is zero otherwise
Equivalently the covarianceCξ

N,ij is obtained from gradients of the Green function of
periodized random walk onTN with killing upon hitting the origin (since we are takin
gradients the introduction of killing at the origin does not affect our formulas). Now
linear tilt v only changes the mean in (4.16) and it remains to computeE

ν̃
ξ

N,v
(η̃(x)). We

write

E
ν̃
ξ

N,v

(
η̃(0)

) = 1∫
0

d

dt
E
ν̃
ξ

N,tv

(
η̃(0)

)
dt.

But

d

dt
E
ν̃
ξ

N,tv

(
η̃i (0)

)=−cov
ν̃
ξ

N,tv

(
η̃i (0),

∑
x∈TN

∑
j

(πNξ)j (x)
(
η̃j (x)+ tvj

)
vj

)
=− ∑

x∈TN

∑
j

(πNξ)j (x)vjC
ξ
N,ij (0, x)= χN,v(ei)− χN,v(0)

=ψi
N,v(0, ξ )
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where in the last line we used the identities (3.5) and (3.7).
Now for everyv ∈ R

d let νξN,v be the probability measure induced byν̃ξN,v on the

field η
�= η̃ + v. The above computation shows thatν

ξ
N,v is the Gaussian measure w

covarianceCξ
N,ij and mean vector

E
ν
ξ

N,v

(
η(x)

) = v +ψN,v(x, ξ). (4.17)

From the convergence ofCξ
N,ij we then infer, by Proposition 3.1, that at least alon

subsequenceN ′ →∞, νξN ′,v µ-almost surely converges weakly to thev-tilted stateνξv .
The last observation is a simple identity connecting the diffusion coefficient to su

tension. This type of relation was discussed in [5,4,7] in the context of trans
invariant massless fields. Recalling (4.16) we define the surface tension onTN under
tilt v ∈ R

d as

σ
ξ
N(v)=

1

|TN | log
Z

ξ
N,0

Z
ξ
N,v

.

By performing the Gaussian integrals and using identities (3.5) and (3.2) one obta
sought relation

σ
ξ
N(v)=

1

4

(
DN(ξ)v, v

)
. (4.18)

An immediate corollary of Theorem 1.1 is then the a.s. convergence ofσ
ξ
N(v) to

1
4(Dv, v). As we have already mentioned, the corresponding problem raised in
the context of an-harmonic models remains open.

Appendix A

The proof of Theorem 4.1 is a straightforward adjustment to the discrete Po
equation (4.3) onTN of the arguments employed in Chapter 9 of [8]: GivenN ∈ N and
a vector field�g onTN define the distribution functionηN,�g of �g as:

ηN,�g(t)= 1

|TN |#
{
x ∈ TN :

∣∣�g(x)∣∣ > t
}
.

By the Marcinkiewicz interpolation theorem applied for the mapT : �f �→ ∇̃u, whereu
is the solution of (4.3), it would be enough to check that there exist constantsc1 andc2

such that for everyt � 0

η
N,∇̃u

(t)� c1
‖ �f ‖N,1

t
, (A.1)

and,

η
N,∇̃u

(t) � c2
‖ �f ‖2

N,2
2

, (A.2)

t
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Since‖∇̃u‖N,2 � ‖ �f ‖N,2, the second estimate trivially follows from Markov inequal
(with c2 = 1). It remains to check (A.1)

To facilitate the exposition we shall consider only the dyadic caseN = 2n. Also, it is
enough to derive the bound only for the vector fields�f of the form �f (x)= f (x)�e1.

For everyk = 0,1, . . . , n− 1 define the decomposition

TN = ∨
x∈KTN/K

Bk
x

of the torusTN into the lattice boxesBk
x = x+{0, . . . ,2k −1}d of the linear sizeK = 2k .

The boxes on differentk-scales are naturally ordered by the inclusion: we sayBl
y is a

predecessor ofBk
x if l > k andBk

x ⊂ Bl
y . By definitionTN is a predecessor of any of th

boxesBk
x on any of thek-scales. Let us fix a numbert > ‖f ‖N,1. We say that a boxBk

x

is correct if

1

|Bk
x |

∑
y∈Bk

x

∣∣f (y)∣∣ = 1

Kd

∑
y∈Bk

x

∣∣f (y)∣∣ � t.

By the choice oft the common ancestorTN is always correct. An incorrect boxBk
x is

calledmarkedif it is incorrect, but all his predecessors are correct. By construction

t <
1

|Bk
x |

∑
y∈Bk

x

∣∣f (y)∣∣ � 2d t, (A.3)

for every marked boxBl
x . Since all the marked boxes are disjoint, the first of

inequalities in (A.3) implies that the total marked volume

1

|TN |
∑

(k,x): Bk
x is marked

∣∣Bk
x

∣∣ � ‖f ‖N,1

t
. (A.4)

Let us renumber all the marked boxes asB1, . . . ,Bl and decomposef as

f (x)= f (x)1TN \∪Bi
(x)+

l∑
i=1

f (x)1Bi
(x)

�= f 0(x)+
l∑

i=1

f i(x).

Accordingly, we decompose solutionsu of (4.3) asu= u0 + ∑l
1u

j , where

d∑
i=1

∇̃∗
i ∇̃iu

j (x)=−∇̃∗
1f

j (x), (A.5)

for j = 0,1, . . . , l. Evidently,

η
N,∇̃u

(2t)� η
N,∇̃u0(t)+ η

N,∇̃ ∑l
ui
(t).
1
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Since|f 0| is bounded above byt , it follows from (A.2) that

η
N,∇̃u0(t)�

‖f 0‖2
N,2

t2
� ‖f 0‖N,1

t
. (A.6)

The bulk of the work is, thus, to derive theL1 estimate on the distribution functio
η
N,∇̃∑l

1
ui

corresponding to the irregular part
∑l

1f
l of the vector field �f = f �e1.

Eq. (A.5) feels the right-hand sidef i only inside the boxBi . ForBi = Bk
x let us define

the enlargement�Bi = �B k
x via

�Bi = �Bk
x =

⋃
y∈KTN/K : ‖y−x‖∞�K

Bk
y .

In other words,�Bk
x is the union ofBk

x with all its nearest and next-nearest neighb
boxes on thekth scale. By (A.4),

1

|TN |
l∑

i=1

|�Bi| � 3d
‖f ‖1

t
. (A.7)

In order to estimateη
N,∇̃ui

outside�Bi write:

∇̃ju
i(x)= ∑

y∈Bi

∇̃1∇̃jGN(x − y)f i(y)
�= ∑

y∈Bi

∇̃2
1,jGN(x − y)f i(y) (A.8)

where

∇̃2
1,jGN(z)=

∞∑
m=0

∇̃2
1,jpm(z),

andpm is them-step transition function of the simple random walk onTN .
There is no loss to assume thatf i has zero average:∑

y∈Bi

f i(x)= 0.

Thus, forBi =Bk
y0

, we can rewrite (A.8) as

∇̃ju
i(x)= ∑

y∈Bi

(∇̃2
1,jGN(x − y)− ∇̃2

1,jGN(x − y0)
)
f i(y). (A.9)

By Theorem 1.5.5 in [13] (d � 3) or by Theorem 1.6.5 in [13] (d = 2),

∣∣∇̃2
1,jGN(x − y)− ∇̃2

1,jGN(x − y0)
∣∣ � c3(d)

K

|x − y0|d+1
.

It follows that ∑
x∈T \�B

∣∣∇̃ui(x)∣∣ � c4

∑
y∈Bi

∣∣f (y)∣∣,

N i
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for all i = 1, . . . , l. Since the marked boxesB1, . . . ,Bl are disjoint,

∑
x∈TN\∪�Bi

∣∣∣∣∣∇̃
l∑

i=1

ui(x)

∣∣∣∣∣ �
∑
y∈TN

∣∣f (y)∣∣.
As a result,

1

|TN |#
{
x ∈ TN \⋃ �Bi :

∣∣∣∣∣∇̃
l∑

i=1

ui(x)

∣∣∣∣∣ > t

}
� c4

‖f ‖N,1

t
,

which, by (A.7), leads to the desired estimated on the distribution function of the∇̃ ∑l
1u

i

part:

η
N,∇̃ ∑l

1
ui
(t)� c5

‖f ‖N,1

t
.

The proof of Theorem 4.1 is concluded.
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