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CONGRUENCE MODULES RELATED TO
EISENSTEIN SERIES

BY MASAMI OHTA

ABSTRACT. – The purpose of this paper is to study the structure of congruence modules (or mod
congruences) associated with Eisenstein series in various contexts in theΛ-adic theory of elliptic modula
forms. Under some assumptions, we explicitly describe such modules in terms of Kubota–Leopoldp-adic
L-functions.

 2003 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – Le but de cet article est d’étudier la structure des modules de congruence qui, dans la
Λ-adique des formes modulaires elliptiques, sont, de diverses manières, associées aux séries d’E
Sous certaines conditions, nous décrivons explicitement de tels modules en termes des fonL
p-adiques de Kubota–Leopoldt.

 2003 Éditions scientifiques et médicales Elsevier SAS

Introduction

The notion of congruence modules (or modules of congruences) was introduced by Hid
to study congruence properties of modular forms in terms of Hecke algebras. In the wo
Hida, such modules are thus defined for rings, but one can consider similar modules re
rings by modules in an obvious way. For our purpose, it is convenient to formulate it i
following manner: LetR be an integral domain with its quotient fieldL. We consider an exac
sequence of flatR-modules:

0→A
i→B

π→C → 0

given with its splitting overL, i.e. when tensored withL overR:

0←A⊗R L
t←B ⊗R L

s← C ⊗R L← 0.

The congruence module attached to this situation is defined by

C :=C/π
(
B ∩ s(C)

)∼= t(B)/A.

The aim of this paper is to study the structure of such modules, which are naturally ass
with Eisenstein series in various contexts.

Since the exact statement of our main result requires rather lengthy preparation of term
gies, we would like to first illustrate what kind of problems we are going to consider, i
following elementary situation:
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226 M. OHTA

Let Γ = SL2(Z), and denote byMk(Γ ) (resp.Sk(Γ )) the space of holomorphic modular
forms (resp. cusp forms) of weightk with respect toΓ , for k � 4 even. Via theq-expansion at
the unique cuspi∞ of Γ , we consider this space as embedded inC[[q]] and set:
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e
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ct

(iii)
ule is
(or
{
Mk(Γ ;Z) :=Mk(Γ ) ∩Z❏q❑ andMk(Γ ;R) :=Mk(Γ ;Z)⊗Z R,

Sk(Γ ;Z) := Sk(Γ ) ∩Z❏q❑ andSk(Γ ;R) := Sk(Γ ;Z)⊗Z R,

for any ringR. Let p � 5 be a prime number, and assume thatk �≡ 0 mod(p− 1). We takeZp

for R. It is easy to see that we have an exact sequence:

0→ Sk(Γ ;Zp)→Mk(Γ ;Zp)
π→Zp → 0(i)

whereπ sends an element ofMk(Γ ;Zp) (↪→ Zp❏q❑) to its constant term. LetH (resp.h) be the
Zp-algebra generated by the standard Hecke operators acting onMk(Γ ;Zp) (resp.Sk(Γ ;Zp)).
Then the exact sequence (i) splits uniquely asH-modules overQp, giving t ands as above. In
this case, the associated congruence moduleC = Zp/π(Mk(Γ ;Zp) ∩ s(Qp)) is quite easy to
describe: Let

Ek =
ζ(1− k)

2
+
∞∑

n=1

( ∑
0<d|n

dk−1

)
qn ∈Mk(Γ ;Q)

be the usual Eisenstein series, whereζ is Riemann’s zeta function, and note that

ζ(1− k)/2 =−Bk/2k ∈Q

is p-integral. Then it is clear thatMk(Γ ;Zp) ∩ s(Qp) is theZp-module generated byEk; and
henceC ∼= Zp/ζ(1− k)Zp.

Next, let us define the Eisenstein ideal ofH (resp.h) by I := AnnH(Ek) (resp.I := (the
image ofI by H � h)). The moduleC above is anH-module in an obvious manner, a
moreover the action ofH factors throughH � H/I � h/I. As a consequence, we ha
a surjective ring homomorphismh/I � Zp/ζ(1 − k)Zp. Here, the left-hand side may b
interpreted as the congruence module attached to the exact sequence

0→I →H→Zp → 0(ii)

together with its unique splitting asH-modules overQp. It is not difficult, but less trivial than th
case (i), to show that the surjection above is in fact an isomorphism (cf. Kurihara [9], Lemm

A similar problem arises for the Eichler–Shimura cohomology groups: Let

Sk−2(Zp) = Z⊕(k−1)
p

on whichΓ acts via the symmetric tensor representation of degreek− 2. Then we have an exa
sequence of freeZp-modules, considered by Harder and Pink [2]:

0→H1
P

(
Γ , Sk−2(Zp)

)
Eis

→H1
(
Γ , Sk−2(Zp)

)
Eis

→ Zp → 0.(iii)

Here,H1
P is the first parabolic cohomology, and the subscript “Eis” means the localization

at the maximal ideal(I, p) of H. The Eichler–Shimura theory implies that the sequence
uniquely splits overQp asHEis-modules. In this case, the associated congruence mod
again isomorphic toZp/ζ(1− k)Zp. However, this determination of the congruence module
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CONGRUENCE MODULES RELATED TO EISENSTEIN SERIES 227

the “denominator of the Eisenstein cohomology class”), due to Harder, is by no means trivial,
and it was one of the starting point of the investigation by Harder and Pink.

One can also ask about the structure of the congruence module associated with the exact

and
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sequence with canonical splitting overQp:

0→Zp → SymbΓ

(
Sk−2(Zp)

)
Eis

→H1
P

(
Γ , Sk−2(Zp)

)
Eis

→ 0(iv)

where SymbΓ(Sk−2(Zp)) is the group ofSk−2(Zp)-valued modular symbols overΓ (cf.
Greenberg and Stevens, [1], Theorem (4.3)). Once again, the answer is given byZp/ζ(1− k)Zp.
This in fact follows from the above result of Harder, together with the Poincaré duality
(1.1.12) in the text.

The purpose of this paper is to consider similar problems, replacingZp by the Iwasawa algebr
Λr over the ring of integersr of a finite extension ofQp, and the above classical objects by
correspondingΛ-adic ones. For this, we fix a positive integerN prime top. For each pair o
Dirichlet characters(θ,ψ) such that the product of their conductors is eitherN or Np, θψ is
even, and the conductor ofψ is prime top, we can associate an ordinary (in the sense of H
Λ-adic Eisenstein seriesE(θ,ψ) of levelN . We can then consider the Eisenstein ideal and
(unique) maximal ideal containing it (the Eisenstein maximal ideal), in Hida’s universal ord
p-adic Hecke algebra acting on the space of ordinaryΛ-adic modular forms of levelN . Also,
we have the Hecke algebra acting on the cohomology groups in (III) and (IV) below, wh
canonically isomorphic to the above one. (But in the text, we always put the superscript∗” to
this algebra and the Hecke operators in it, to indicate that we are considering the covarian
of Hecke correspondences, as in our previous works.) We have the corresponding Eis
(maximal) ideal in this algebra.

Now our objectives of study are the exact sequences of freeΛr-modules replacing the objec
in (i)–(iv) by the followingΛ-adic ones of levelN localizedat the above mentioned Eisenste
maximal ideals, respectively:

(I) The spaces of ordinaryΛ-adic cusp forms and modular forms;
(II) Hida’s ordinaryp-adic Hecke algebra and its Eisenstein ideal;

(III) Ordinaryp-adic Eichler–Shimura cohomology group and the ordinary generalizedp-adic
Eichler–Shimura cohomology group studied in our previous works;

(IV) The group of ordinaryp-adic modular symbols and the ordinaryp-adic Eichler–Shimura
cohomology group.

All such exact sequences uniquely split over the quotient field of the Iwasawa alge
modules over the Hecke algebras. Our main result of this paper is Theorem (1.5.5)
determines the precise structure of the congruence modules associated with the si
(I)–(IV) under the following assumptions:{

p does not divideϕ(N),
(θωψ−1)(p) �= 1,

whereϕ is the Euler function, andω is the Teichmüller character. Indeed, the congrue
modules are all isomorphic, and described in terms of Iwasawa’s power series giving the K
Leopoldtp-adicL-function attached toθψ−1ω2, multiplied by an elementary extra factor. (He
and in the rest of the introduction, we exclude the special case whereθ= ω−2 andψ is the trivial
character, in which case all the congruence modules vanish.)

We remark that the assumptions above assure us that there is no congruence betweenE(θ,ψ)
and otherΛ-adic Eisenstein series, and hence the localization allows us to isolateE(θ,ψ). To
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228 M. OHTA

treat more general cases, it seems better to work with the language of components in the sense
of Mazur and Wiles [11]; but we do not do this in this paper which is already somewhat lengthy.

One of the motivation of this work was our desire to understand the “Eisenstein components”
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of the aboveΛ-adic objects better. We were also directly motivated by a conjecture (re
problem) of Hida (resp. Greenberg and Stevens). Namely, in [4], Hida conjectured th
congruence module in the case (II) above should be expressed in terms of Kubota–L
p-adic L-function. On the other hand, in [1], Greenberg and Stevens posed a probl
analyzing the structure of the congruence module in the case (IV). Our result gives affir
answers to these problems for the local components described above.

Our strategy and the content of this paper is as follows. Section 1 is preliminary: In Sectio
we state some general facts about congruence modules, modelled by Hida’s acco
Section 1. In Section 1.2, we introduceΛ-adic objects we are going to consider. We th
give a Poincaré type duality between the group of ordinaryp-adic modular symbols and th
ordinary generalizedp-adic Eichler–Shimura cohomology group in Section 1.3, and studyΛ-adic
Eisenstein series in Section 1.4. In Section 1.5, we state our main theorem (1.5.5).

Now among the four cases (I)–(IV), it may be apparent from our discussions in the cla
cases (i)–(iv) that the easiest is the case (I). Indeed, whenψ = 1, the trivial character, we applie
the same argument as in the classical case to determine the congruence module, in the c
the proof of [15], (5.2.14) (under some restrictive assumptions). It was based on the fact t
“constant term” ofE(θ,ψ) is given by thep-adicL-function. However, whenψ �= 1, the constan
term ofE(θ,ψ) vanishes. The classical theory of Eisenstein series then suggests that we
look for the “constant term hidden at some cusp”. This is the content of Section 2.

To do this, we make use of a homomorphism of the space of ordinaryΛ-adic modular forms
onto the ordinary (Λ-adic) cuspidal group whose kernel consists of ordinaryΛ-adic cusp forms
Such a mapping, called theresidue mapping, was in fact constructed in our previous work [1
(and complemented by [16]). This will be recalled in Section 2.4. Before this, in Sections 2.
we give a detailed study of the ordinary cuspidal group, especially the kernel of the Eise
ideal in it. Under the assumptionp � ϕ(N), we give an explicit basis of this kernel, which
a free module of rank one over the Iwasawa algebra. The main result of Section 2 is Th
(2.4.10), which describes the image ofE(θ,ψ) under the residue mapping in terms of that ba
Its proof, largely computational, is carried out in Sections 2.5–2.6. Via the specializatio
classical forms, this ultimately reduces to the computation of the constant terms ofq-expansions
of classical Eisenstein series (of weight 2) at various cusps.

In Section 3, we give the proof of our main theorem. We first settle the case (I) in Sectio
The method is almost identical with the classical case (i) above, replacing the “constan
mapping” by our residue mapping, after the key result (2.4.10). The proof for the case
divided into two parts, both dependent on the result in the case (I): We treat the cases w
ψ �= 1; and (b)θψ−1 �= ω−2, separately. The proof in the case (a), which is given in Section
is completely elementary, and in fact the conclusion is derived from the case (I) via simple d
argument (cf. (1.1.12) and (3.2.7) in the text). On the other hand, the proof in the case (b
from being elementary. It makes use of the Iwasawa main conjecture forQ (a theorem of Mazu
and Wiles [11], for which we have given a simple proof in our previous work [16]). Howe
the method itself is not new: It is an adaptation of the one initiated by Harder and Pin
and Kurihara [9] to a slightly widerΛ-adic situation than in [15], 5.3, where we have alre
settled the case (II) whenψ = 1 under additional assumptions. We thus place this argume
Appendix A.

The key ingredient of the proof for the case (III) is thep-adic Eichler–Shimura isomorphism
established in our previous works. Such isomorphisms, together with some results on
representations onp-adic Eichler–Shimura cohomology groups (3.4), easily reduce the pro
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CONGRUENCE MODULES RELATED TO EISENSTEIN SERIES 229

to the case (I). Finally, via the duality obtained in Section 1.3, and the duality between certain
space of ordinaryΛ-adic modular forms and its Hecke algebra (3.3.1), the case (IV) is reduced
to the case (II). These are given in Section 3.5.

r–Pink
k

ristic
ain
for
” in our
d
the

uation:
nce

mor-
In the appendix, we describe the above mentioned application of the method of Harde
and Kurihara, extending the consideration in [15] to general(θ,ψ) satisfying (b). We thus loo
at the Galois representation on the local component, attached toE(θ,ψ), of thep-adic Eichler–
Shimura cohomology group, and construct a pro-p abelian extensionL over the cyclotomic
Zp-extensionF∞ of some abelian number field. A new feature here is that this pro-p extension
may ramify at primes dividingN . We analyze such ramifications, and show that the characte
power series of Gal(L/F∞) coincides with (a twist of) the power series appearing in our m
theorem (cf. Theorem (A.2.2)). It is at this stage we need the Iwasawa main conjectureQ.
As a consequence, we find that the ramifications precisely correspond to the “extra factor
description of the congruence modules, and that the extensionL contains the maximal unramifie
pro-p abelian extension ofF∞ satisfying certain Galois property. This also allows us to settle
case (b) of (II).

1. Congruence modules and our main result

1.1. Congruence modules

We first give general facts about congruence modules associated with the following sit
Let R be an integral domain with its quotient fieldL. Suppose we are given an exact seque
of flatR-modules:

0→A
i→B

π→ C → 0 (exact)(1.1.1)

together withits splitting overL:

0←A⊗R L
t←B ⊗R L

s←C ⊗R L← 0 (exact)(1.1.2)

so that

t ◦ (i⊗R 1L) = 1A⊗RL and (π ⊗R 1L) ◦ s= 1C⊗RL.(1.1.3)

We then clearly havet(B)⊇ A, and the mappingt⊕ π :B→ t(B)⊕C is injective. Identify
B with its image int(B)⊕C.

LEMMA (1.1.4). –The notation being as above, we have the following canonical iso
phisms ofR-modules:

B/(i(A) +B ∩ s(C)) π
∼

t 	

C/π(B ∩ s(C))

	

t(B)/A ∼ (t(B)⊕C)/B

Here, the right vertical(resp. the lower horizontal) arrow is induced from the inclusion ofC
(resp.t(B)) into the direct sumt(B)⊕C.

The proof is direct, and left to the reader. We only note here that

B ∩ s(C ⊗R L) =B ∩ s(C).(1.1.5)
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230 M. OHTA

DEFINITION (1.1.6). – We identify the modules in (1.1.4), and call it thecongruence module
(or themodule of congruences) attached to the exact sequence (1.1.1) with the given splitting
(1.1.2). Denote this module byC in the following.

r

y
ase

an
WhenH is anR-algebra, and (1.1.1) and (1.1.2) are exact sequences ofH-modules, it is clea
thatC is equipped with the obvious structure of anH-module.

In the following, for later use, we list some elementary properties ofC.
First, we note that the formation of congruence modules commutes with arbitrarflat

extensions of integral domainsR→ R′: Let C′ be the congruence module attached to the b
extension of (1.1.1) toR′ with the obvious splitting over the quotient field ofR′. Then it is easy
to see that we have a canonical isomorphism:

C′ ∼= C ⊗R R′.(1.1.7)

In the rest of this subsection, we assume that:
R is noetherian and factorial;
A,B andC are finitely generated freeR-modules;
C is a freeR-module of rank one.

(1.1.8)

LEMMA (1.1.9). –If we assume the above conditions, thenC is isomorphic toR/aR with a
non-zero elementa ∈R.

Proof (cf. Hida [7], Theorem 4.3). – This is easy using (1.1.5): IdentifyingC with R,B∩s(L)
is principal ins(R)∼=R, since it is reflexive. ✷

Next, let us indicate by the superscript “∨” theR-dual:M∨ := HomR(M,R) for anR-module
M . From our assumption (1.1.8), we have the exact sequence dual to (1.1.1):

0→ C∨
π∨
→B∨

i∨→A∨→ 0(1.1.10)

together with the splitting dual to (1.1.2):

0←C∨ ⊗R L
s∨←B∨ ⊗R L

t∨←A∨ ⊗R L← 0.(1.1.11)

We denote byC∨ the congruence module associated with this situation.

LEMMA (1.1.12). –Assume(1.1.8)and moreover thatC∨ is generated by one element as
R-module. ThenC∨ is isomorphic toC.

Proof. –We may assume thatB = Rn andC = R. Then the mappingπ (resp.s) is of the
form:  x1

...
xn

 �→
n∑

i=1

pixi with pi ∈R (resp.x �→ x

 c1
...
cn

 with ci ∈ L).

We have
∑n

i=1 pici = 1 since(π⊗R 1L) ◦ s= 1C⊗RL.
Now we have

π
(
B ∩ s(C)

)
=

x ∈R | x

 c1
...
cn

 ∈Rn

 ,
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CONGRUENCE MODULES RELATED TO EISENSTEIN SERIES 231

so thatC ∼= R/(R : (c1, . . . , cn)), where (c1, . . . , cn) is theR-submodule ofL generated by
c1, . . . , cn and R : (c1, . . . , cn) := {x ∈ R | x(c1, . . . , cn) ⊆ R}. By (1.1.9), we know that
R : (c1, . . . , cn) = aR with a ∈R.

p

idal

e
f

lways
On the other hand, identifyingB∨ andC∨ with Rn andR in a natural manner, we see thats∨

is given by  x1
...
xn

 �→
n∑

i=1

cixi.

Consequently, we have:C∨ ∼= s∨(B∨)/C∨ ∼= (c1, . . . , cn)/R.
By our assumption, there is anα ∈ L such that(c1, . . . , cn) = αR + R. If α = b/a′ with

coprimea′, b ∈ R, thenR : (c1, . . . , cn) = a′R, and hence we may assume thata′ = a. We
conclude that

C∨ ∼=
(
b

a
R+R

)
/R∼= bR/abR∼=R/aR. ✷

1.2. Basic cohomology groups, Hecke algebras and Λ-adic modular forms

We henceforth fix a prime numberp� 5. We also fix a complete subfieldK of Cp := Q̂p, and
denote byo its ring of integers.

Terminology(1.2.1). – For a positive integerr, we writeUr for the multiplicative subgrou
1+ prZp of Z×p . We denote by

Λo := o❏1 + pZp❑= o❏U1❑

the Iwasawa algebra overo. As usual, we fix a topological generatoru0 of U1 and identifyΛo

with the formal power series ringo❏T ❑ by u0 ↔ 1+ T .

In the following, we fix our basic notation: For a positive integerM , we letX1(M) be the
canonical model overQ of the (complete) modular curve associated with the groupΓ1(M),
whose cusp at infinity isQ-rational. LetY1(M) be its open subscheme consisting of non-cusp
points.

DEFINITION (1.2.2). – We fix a positive integerN prime top, and set:

ES p(N)o :=
(
lim←−
r�1

H1
(
X1(Npr)⊗Q Q,Zp

))
⊗̂Zpo,

GES p(N)o :=
(
lim←−
r�1

H1
(
Y1(Npr)⊗Q Q,Zp

))
⊗̂Zpo,

MS p(N)o :=
(
lim←−
r�1

H1
c

(
Y1(Npr)⊗Q Q,Zp

))
⊗̂Zpo.

Here, all the cohomology groups in the right-hand side are étale cohomology groups, and⊗̂ mean
the completed tensor products viewing the projective limits in the parentheses as pro-p abelian
groups.

The Galois group Gal(Q/Q) acts on these groupso-linearly in a natural manner. On th
other hand, Hecke correspondences onX1(Npr) or Y1(Npr) give rise to endomorphisms o
individual first cohomology groups in the right-hand side. Precisely, in this paper, we will a
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232 M. OHTA

consider thecovariantaction (except in the proof of (1.3.3) below), and denote byT ∗(n) and
T ∗(q, q) the endomorphisms attached to the usual Hecke correspondences (cf. e.g. [13], 7.3, 7.4).
T ∗(n) andT ∗(q, q) on the first cohomology groups commute with the trace mappings, and hence

ymbols.

e

.3.5))
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series
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hat
Hecke
define endomorphisms of the groups in the left-hand side, which we denote by the same s
Especially, we have Hida’s idempotent

e∗ := lim
n→∞

T ∗(p)n!(1.2.3)

acting on the groups above.
The groupsES p(N)o, GES p(N)o and MS p(N)o are then naturally equipped with th

structure of modules over

o
[[

lim←−
r�1

(Z/NprZ)×
]]

= o
[
(Z/NpZ)×

]
❏U1❑

in such a way that (the image of) a positive integerq prime toNp in lim←−r�1(Z/NprZ)× acts

asT ∗(q, q). In particular, we can consider them as modules over the Iwasawa algebraΛo. One
of the fundamental fact discovered by Hida ([6], Theorem 3.1, complemented by [15], (1
is thatthe ordinary partse∗ES p(N)o, e∗GES p(N)o ande∗MS p(N)o are all free of finite rank
overΛo.

We also know thate∗ES p(N)o (resp. e∗GES p(N)o) are modules over Hida’s univers
ordinaryp-adic Hecke algebras:{

e∗h∗(N ;o) ↪→ End(e∗ES p(N)o),
e∗H∗(N ;o) ↪→ End(e∗GES p(N)o),

(1.2.4)

which are generated by allT ∗(n) and T ∗(q, q) over Λo. We can considere∗h∗(N ;o) and
e∗H∗(N ;o) as algebras overo[(Z/NpZ)×]❏U1❑ in the same manner as above; and again
Hida ([4], Theorem 3.1; cf. also [15], (1.5.7)), these are finite and flat overΛo.

On the other hand, there are notions of ordinaryΛo-adic cusp forms andΛo-adic modular
forms, introduced by Hida [4] and Wiles [21]. We use the same notation and convent
in [14], Section 2 and [15], Section 2, and denote byeS(N ;Λo) andeM(N ;Λo) the spaces
of such forms, respectively. We only recall here that they consist of formal power
F =

∑∞
n=0 an(T )qn ∈ Λo❏q❑ such that their specializations

Fε,d :=
∞∑

n=0

an
(
ε(u0)ud

0 − 1
)
· qn(1.2.5)

are ordinary cusp forms (resp. modular forms), with coefficients in the ring generater
values ofε overo, of wightd+2 with prescribed level and thep-part of the Nebentypus charact

Here,ε is anyQ
×

-valued character of finite order ofU1, andd is any non-negative intege
eS(N ;Λo) andeM(N ;Λo) areΛo-modules in an obvious way; and are in fact finite and f
overΛo. One can define the Hecke operatorsT (n) andT (q, q) on these spaces in such a way t
they correspond to the usual ones via the specializations (1.2.5) to classical forms. The
algebras generated by allT (n) andT (q, q) overΛo{

eh(N ;o) ↪→ End(eS(N ;Λo)),
eH(N ;o) ↪→ End(eM(N ;Λo)),

(1.2.6)
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CONGRUENCE MODULES RELATED TO EISENSTEIN SERIES 233

are canonicallyΛo-isomorphic toe∗h∗(N ;o) ande∗H∗(N ;o), respectively, via the correspon-
dence:T (n)↔ T ∗(n) andT (q, q)↔ T ∗(q, q).

pleted

4], 4.1

ring
e

1.3. Duality between e∗GES p(N)o and e∗MS p(N)o

Let us denote by

ι : lim←−
r�1

(
Z/NprZ

)×
↪→ o

[[
lim←−
r�1

(
Z/NprZ

)×]]
(1.3.1)

the natural inclusion, to distinguish the image of an element in the left-hand side in the com
group algebra from a scalar. Also in what follows, let

κ :Gal(Q/Q)→ Z×p(1.3.2)

be thep-cyclotomic character.
The main result of this subsection is the following

THEOREM (1.3.3). –There is a canonicalΛo-bilinear form

{ , } : e∗MS p(N)o × e∗GES p(N)o →Λo

which enjoys the following properties:
(i) It gives a perfect duality of freeΛo-modules.
(ii) It commutes with the Hecke operators: For anyx ∈ e∗MS p(N)o andy ∈ e∗GES p(N)o,

we have {{x | T ∗(n), y}= {x, y | T ∗(n)},
{x | T ∗(q, q), y}= {x, y | T ∗(q, q)}.

(iii) It has the following compatibility with the Galois action: For σ ∈ Gal(Q/Q), let a(σ)
be the unique element oflim←−r�1(Z/NprZ)× such thatζσ = ζa(σ) for all Nprth roots of unity

(r � 1). Then we have: {
xσ, yσ

}
= κ(σ)−1

{
x, ι

(
a(σ)−1

)
· y
}
.

We studied similarΛo-bilinear form one∗ES p(N)o × e∗ES p(N)o in [14], Section 4; and the
proof in the present case is almost identical. So, we only sketch the method referring to [1
and 4.2 for details.

First note that we may assume thato = Zp, since then the general case follows by tenso
Λo overΛZp . Now for each integerr � 1, we writeYr := Y1(Npr) and indicate by bar the bas
extension fromQ to Q for notational simplicity.

For eachr � 1, we recall that there is ap-adic sheafFMr = FZp❏Zr❑ on the étale siteYr,ét

of Yr , andGES p(N)Zp (resp.MS p(N)Zp ) is canonically isomorphic toH1(Y r, FMr ) (resp.
H1

c (Y r, FMr)) ([14], 1.2). On the other hand, there is anotherp-adic sheafFM′
r

and a pairing
of sheaves:

FMr × FM′
r
→ FZp❏Ur❑

onY r,ét ([14], 4.1), whereFZp❏Ur❑ is the constant sheaf corresponding to

Zp❏Ur❑= Zp❏1 + prZp❑.
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This then gives rise to the cup product pairing:

s∪r :H1
c (Y s, FMr)×H1(Y s, FM′

r
)→H2

c (Y s, FZp❏Ur❑)∼=Zp❏Ur❑(−1)

sp.

ain

e
s the

ess of

ncaré
for integerss� r � 1. The inclusions of modules{
isr :Ms ↪→Mr,

i′sr :M′
s ↪→M′

r,

induce morphisms of sheaves onY s,ét, and hence those of cohomology groups:{
isr∗ :H1

c (Y s, FMs)→H1
c (Y s, FMr ),

i′sr∗ :H
1(Y s, FM′

s
)→H1(Y s, FM′

s
).

Using the operator “| τr” (resp. “| σ−1
α ”) given by the same formula as [14], (4.1.3) (re

(4.1.13)) onH1(Y r, FMr)∼=H1(Γ1(Npr),Mr) (the group cohomology) etc., we define

{ , }r :H1
c (Y r, FMr )×H1(Y r, FMr )→ ΛZp

by the formula

{x, y}r :=
∑

α∈U1/Ur

ir1∗(x) r ∪1

(
i′r1∗

(
y | T ∗(p)r | τr

)
| σ−1

α

)
fixing an isomorphismZp(−1) ∼= Zp. With these definitions, it is an easy matter to obt
the same result as in [14], 4.1 and 4.2. Especially, the pairings{ , }r are compatible with
the canonical isomorphismsGES p(N)Zp

∼= H1(Y r, FMr ) andMS p(N)Zp
∼= H1

c (Y r, FMr)
whenr � 1 varies, and define the pairing on the whole spaces

{ , } :MSp(N)Zp ×GES p(N)Zp →ΛZp

which specializes to certain (“twisted”) cup product pairing

H1
c (Y r, FSd(Zp))×H1(Y r, FSd(Zp))→ΛZp/(ωr,d)

for eachr � 1 andd� 0, as in [14], (4.2.5) (cf. also [15], (1.4.2)). This{ , } already satisfies th
compatibilities (ii) and (iii) of the theorem (use [15], (3.3.4) and (4.2.4) for (iii)), and induce
pairing in the theorem on the ordinary parts.

Finally, we show the assertion (i) of the theorem. Sincee∗GES p(N)Zp ande∗MS p(N)Zp are
finite and free overΛZp , it is sufficient to show that the pairing reduced modulo(T ) is perfect.
By the above mentioned compatibility with specializations, this is reduced to the perfectn
the pairing between freeZp-modules:

e∗H1
c (Y 1,Zp)× e∗H1(Y 1,Zp)→Zp

(∼= Zp(−1)
)

defined by(x, y) �→ x ∪ (y | T ∗(p) | τ1). However,y �→ y | T ∗(p) | τ1 gives an isomorphism
of e∗H1(Y 1,Zp) onto the ordinary parteH1(Y 1,Zp) with respect toT (p), which is adjoint
to T ∗(p) with respect to the cup product. Our claim therefore follows from the usual Poi
duality theorem.
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For the same reason, the pairing

{ , } : e∗ES p(N)o × e∗ES p(N)o →Λo(1.3.4)

4) for

rwise

s of

t

e

studied in [14] is also perfect.
There is a natural injectioni : e∗ES p(N)o → e∗GES p(N)o and a natural surjection

π : e∗MS p(N)o → e∗ES p(N)o.

It follows easily from the description of{ , } above that

{π(x), y}= {x, i(y)}(1.3.5)

for all x ∈ e∗MS p(N)o andy ∈ e∗ESp(N)o.
Note that, by the theorem above, the Hecke algebra defined similarly as (1.2.

e∗MS p(N)o is canonically isomorphic toe∗H∗(N ;o); and that this makese∗MS p(N)o into
a faithfule∗H∗(N ;o)-module.

1.4. Λ-adic Eisenstein series

In general, letω denote the Teichmüller character, and set

〈a〉 := aω(a)−1 ∈ U1 for a ∈Z×p .(1.4.1)

LetN be as in previous subsections, and consider Dirichlet charactersθ andψ defined modulo
u and v, respectively. (Dirichlet characters will be assumed to be primitive unless othe
stated.) We will always assume thatθψ(−1) = 1, v is prime top, anduv is a divisor ofNp.

Fix a finite extensionk of Qp which contains all the values ofθ andψ. We denote byr its ring
of integers, and take a prime element4 of r. TheΛ-adic Eisenstein series to be considered i
the following form (cf. [15], 2.3):

E(θ,ψ; c) := δ(ψ)G
(
T, θω2

)
+
∞∑

n=1

( ∑
0<t|n
p�t

θ(t)ψ
(
n

t

)
At(T )

)
qcn.(1.4.2)

Here,c is a positive divisor ofNp/uv prime top,

δ(ψ) :=
{

1
2 if ψ = 1 := (the trivial character),

0 otherwise,
(1.4.3)

At(T ) := t(1 + T )s(t) = tι(〈t〉) if 〈t〉= u
s(t)
0(1.4.4)

andG(T, θω2) is a twist of the Kubota–Leopoldtp-adicL-function in the following sense: I
belongs toΛr unlessθω2 = 1, while ((1 + T )− u−2

0 )G(T,1) ∈ΛZp , and satisfies

G
(
ε(u0)us

0 − 1, θω2
)
= Lp

(
−1− s, θω2ε

)
(1.4.5)

for every characterε of finite order ofU1 (which we identify with a Dirichlet character of th
second kind),Lp being thep-adicL-function. We henceforth set

E(θ,ψ) := E(θ,ψ; 1).(1.4.6)
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E(θ,ψ; c) then belongs toeM(N ;Λr) unlessθ = ω−2 andψ = 1; while ((1 + T )− u−2
0 )×

E(ω−2,1; c) belongs toeM(N ;ΛZp). The (ε, d)-specializationE(θ,ψ; c)ε,d in the sense of
(1.2.5) is explicitly given by

his
e

d, then
−δ(ψ)
(
1−

(
θεω−d

)
(p)pd+1

)Bd+2,θεω−d

d+2
+
∞∑

n=1

( ∑
0<t|n
p�t

(
θεω−d

)
(t)ψ

(
n

t

)
td+1

)
qcn.

(1.4.7)

Whenc= 1, this gives a modular form of weightd+2 with respect to the groupΓ1(uvpr/(u, p))
if Ker(ε) =Ur . Its Nebentypus character is the (possibly imprimitive) characterθεω−dψ defined
modulouvpr/(u, p), and it is a common eigen function of allT (n) of level uvpr/(u, p). One
then obtains the following lemma comparing the specializations:

LEMMA (1.4.8). –When(θ,ψ) �= (ω−2,1), we have
E(θ,ψ; c) | T (q, q) = (θψ)(q)ι(〈q〉)E(θ,ψ; c);
E(θ,ψ; c) | T (l) = (θ(l)lι(〈l〉) + ψ(l))E(θ,ψ; c);
E(θ,ψ; c) | T (p) = ψ(p)E(θ,ψ; c).

Here,q is any positive integer prime toNp, andl is a prime number not dividingNp. Also, for
a ∈ (Z/NpZ)×, the action ofι(a) onE(θ,ψ; c) is multiplication by(θψ)(a).

Whenuv =N or Np (and hencec= 1), the second formula above forE(θ,ψ) | T (l) is valid
for all prime numbersl �= p.

The same holds for((1 + T )− u−2
0 )E(ω−2,1; c) when(θ,ψ) = (ω−2,1).

LEMMA (1.4.9). –Assume thatp does not divideϕ(N) (the Euler function). Letθi andψi be
Dirichlet characters defined moduloui andvi satisfying the conditions at the beginning of t
subsection; and letci be positive divisors ofNp/uivi prime top (i= 1,2), respectively. Assum
that r contains all the values ofθi andψi.

(i) The eigenvalues ofT (l) for E(θ1, ψ1; c1) andE(θ2, ψ2; c2) are congruent modulo(4,T )
for all prime numbersl not dividingNp, if and only if{

θ1 = θ2 andψ1 = ψ2; or

θ2 = ψ1ω
−1 andψ2 = θ1ω.

(ii) Assume moreover thatuivi = N or Np for i = 1,2. Then the eigenvalues ofT (l) for
E(θ1, ψ1) andE(θ2, ψ2) are congruent modulo(4,T ) for all prime numbersl if and only if{

θ1 = θ2 andψ1 = ψ2; or

θ2 = ψ1ω
−1, ψ2 = θ1ω and(θ1ωψ−1

1 )(p) = 1.

Proof. –We first treat the case (i). If we have the congruence for the eigenvalues as state
by (1.4.8) above, we have

θ1(l)lι(〈l〉) + ψ1(l)≡ θ2(l)lι(〈l〉) + ψ2(l) mod(4,T )

or equivalently,

(θ1ω)(l) + ψ1(l)≡ (θ2ω)(l) + ψ2(l) mod(4) =4r
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for all prime numbersl � Np. Then by Artin’s lemma on the linear independence of characters,
we have either {

ψ ≡ ψ andθ ω ≡ θ ω mod(4); or

e

that

-

l

g
of
1 2 1 2

ψ1 ≡ θ2ω andψ2 ≡ θ1ω mod(4).

In the first case, our assumption onN implies thatψ1 = ψ2, andθ1 = θ2. In the second case, w
haveψ1 = θ2ω andψ2 = θ1ω. Note that, since the conductors ofψ1 andψ2 are prime top, we
must haveθi|(Z/pZ)× = ω−1 in this case. The converse is obvious.

We turn to the case (ii). For the “only if” part, we note that the assumption implies
ψ1(p) = ψ2(p) by (1.4.8). Thus in the case whereθ2 = ψ1ω

−1 andψ2 = θ1ω, we must have
(θ1ωψ−1

1 )(p) = 1. The “if” part is clear. ✷
Note that(θ1ωψ−1

1 )(p) = 1 if and only if thep-adicL-functionLp(s, θ1ψ−1
1 ω2) has the so

called trivial zero (or exceptional zero) ats= 0.

Terminology(1.4.10). – We say that the pair(θ,ψ) as above isexceptionalif θ|(Z/pZ)× = ω−1

and(θωψ−1)(p) = 1.

1.5. Main result

We keep the notation of previous subsections. Especially, we fixθ andψ of conductorsu and
v whose values are contained inr, as in Section 1.4.

DEFINITION (1.5.1). – Assume thatuv =N orNp. We define theEisenstein idealassociated
with (θ,ψ), denoted byI(θ,ψ), as the annihilator ofE(θ,ψ) in eH(N ; r). We set

M(θ,ψ) :=
(
I(θ,ψ),4,T

)
.

We denote byI(θ,ψ) (resp.m(θ,ψ)) the image ofI(θ,ψ) (resp.M(θ,ψ)) by the canonica
surjection:eH(N ; r)� eh(N ; r).

We also denote byI∗(θ,ψ) andM∗(θ,ψ) (resp,I∗(θ,ψ) andm∗(θ,ψ)) the correspondin
ideals ofe∗H∗(N ; r) (resp.e∗h∗(N ; r)) via the canonical isomorphism stated at the end
Section 1.2.

It is easy to see thatI(θ,ψ) is in fact the ideal ofeH(N ; r) generated by

T (n)−
∑

0<t|n
p�t

θ(t)ψ
(
n

t

)
tι(〈t〉)

for all n � 1; or by such elements for prime numbersn together withT (q, q)− (θψ)(q)ι(〈q〉)
for all q prime toNp. Clearly,M(θ,ψ) is a maximal ideal ofeH(N ; r); but note thatI(θ,ψ)
andm(θ,ψ) may not be proper ideals ofeh(N ; r) in general.

We now make the following assumption:{
p does not divideϕ(N);
uv =N orNp, and(θ,ψ) is not exceptional (1.4.10).

(1.5.2)

We put

ξ := θψ−1.(1.5.3)
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When(θ,ψ) �= (ω−2,1), we set:( ∏ (
s(l)

(
2
)−1 −2

)) (
2
)

r
see

pt

ce

rs
ready
s, and
A(T ; θ,ψ) :=
l|N

l � cond(ξ)

(1 + T ) − ξω (l)〈l〉 G T, ξω(1.5.4)

where the product ranges over all prime numbersl dividing N but not dividing the conducto
cond(ξ) of ξ. s(l) ∈ Zp (resp.G(T, ξω2)) is defined in (1.4.4) (resp. (1.4.5)). It is easy to
that our assumption(θ,ψ) �= (ω−2,1) ensures us that this in fact belongs toΛr even ifξω2 = 1.

Finally, setM := M(θ,ψ) andM∗ := M∗(θ,ψ) for simplicity, and indicate by the subscri
“M” or “ M∗ ” the localization at that maximal ideal.

THEOREM (1.5.5). –Assume(1.5.2). We have the following exact sequences of freeΛr-mod-
ules: 

(I) : 0→ eS(N ;Λr)M → eM(N ;Λr)M →Λr → 0;
(II) : 0→I(θ,ψ)M → eH(N ; r)M →Λr → 0;
(III) : 0→ e∗ES p(N)r,M∗ → e∗GES p(N)r,M∗ →Λr → 0;
(IV) : 0→ Λr → e∗MS p(N)r,M∗ → e∗ES p(N)r,M∗ → 0.

When tensored with the quotient field ofΛr over Λr, (I) and (II) ( resp. (III) and (IV))
split uniquely as modules overeH(N ; r)M (resp.e∗H∗(N ; r)M∗ ). The associated congruen
modules(1.1.6)are all isomorphic to

Λr/
(
A(T ; θ,ψ)

)
unless(θ,ψ) = (ω−2,1); while the congruence modules all vanish when(θ,ψ) = (ω−2,1).

2. Residues of Λ-adic Eisenstein series

2.1. Cuspidal groups

We first consider the cuspidal groups overo for the curvesX1(Npr) and the Hecke operato
on them; and will turn to their projective limit in Section 2.3. We note that such groups al
appeared in a work of Kubert and Lang [10] in their study of cuspidal divisor class group
also in Mazur and Wiles [11]. We begin by the description of the cusps ofΓ1(M) following
Shimura [18], 1.6.

Now for a positive integerM , we set

AM :=
{[

x
y

]
∈ (Z/MZ)⊕2 | (x, y) = 1 in Z/MZ

}
/∼(2.1.1)

where “∼” is the equivalence relation defined by[
x

y

]
∼
[
x′

y′

]
if and only if y = y′ andx≡ x′ mody(Z/MZ).(2.1.2)

We denote by[ x
y ]M the equivalence class inAM of [ x

y ] ∈ (Z/MZ)⊕2 such that(x, y) = 1 in
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Z/MZ, or [ x
y ] ∈Z⊕2 such that(x, y,M) = 1. In the following, we let(Z/MZ)× act onAM by[

x
] [

α−1x
]

×

l

nts

er
α ·
y

M

:=
αy

M

for α ∈ (Z/MZ) .(2.1.3)

If M = M1 ×M2 with mutually coprime positive integersM1 andM2, there is a natura
bijection

AM
∼→AM1 ×AM2(2.1.4)

sending[ x
y ]M to ([ x

y ]M1
, [ x

y ]M2
), which is of course compatible with the action of

(Z/MZ)× ∼= (Z/M1Z)× × (Z/M2Z)×

on both sides.
As in Section 1, we fix a positive integerN prime top, and let

N =
k∏

j=1

q
ej

j(2.1.5)

be its prime decomposition. We write

Nr :=Npr for r � 1(2.1.6)

for simplicity. For any finite setS, we denote byo[S] the freeo-module generated by the eleme
of S, o being as in Section 1. Then by (2.1.4) above, we have an isomorphism:

o[ANr ]∼=
(

k⊗
j=1

o[A
q

ej
j

]

)
⊗ o[Apr ](2.1.7)

compatible with the action of

o
[
(Z/NrZ)×

]∼=(
k⊗

j=1

o
[
(Z/qej

j Z)×
])

⊗ o
[
(Z/prZ)×

]
.

We recall that

Cr :=
(
the set of cusps ofX1(Nr)(Q )

)
(2.1.8)

is canonically identified withANr/{±1}, and henceo[Cr] with the quotient ofo[ANr ] by its
o-submodule generated by{x− (−1) · x | x ∈ANr}. For our computational purpose, it is rath
convenient to work witho[ANr ].

We now consider the Hecke operators ono[AM ]. For this, put
U∞ :=

{[
1 ∗
0 1

]
∈ SL2(Z)

}
,

Ũ∞ :=
{[

a ∗
0 d

]
∈GL2(Q) | a, d > 0

}
.

(2.1.9)
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Then there is a bijection:Γ1(M)\SL2(Z)/U∞
∼→ AM sending an element[ a b

c d ] ∈ SL2(Z)
to [ a

c ]M . On the other hand, the natural mappingSL2(Z)/U∞ → GL+
2 (Q)/Ũ∞ is bijective.

+ ˜ e

le

s on

e
f

Consequently, we may identifyo[AM ] with o[Γ1(M)\GL2 (Q)/U∞]. We can then consider th
action of the abstract Hecke algebra attached toΓ1(M) andGL+

2 (Q) (cf. Shimura [18], 3.1) on
this module. Namely, for anyg ∈GL+

2 (Q), we let a double coset

Γ1(M)gΓ1(M) =
∐
i

Γ1(M)gi

act as: (the class ofγ ∈GL+
2 (Q) in AM ) �→

∑
i(the class ofgiγ).

For any prime numberl, we denote byT ∗(l) the endomorphism ofo[AM ] determined by
the double coset containing[ 1 0

0 l ], to be consistent with the terminology of [15], 3.4. A simp
calculation shows that the action ofT ∗(l) on [ a

c ]M (a, c∈Z, (a, c) = 1) is given by the following
formulas:
• Whenl does not divideM , let l′ be an integer such thatll′ ≡ 1 modM . Then we have:

T ∗(l)
[
a
c

]
M

= l

[
a
lc

]
M

+
[
l′a
c

]
M

.(2.1.10)

• Whenl dividesM but does not dividec, let i0 be the unique integer such that0 � i0 � l− 1
anda+ i0c≡ 0 modl. Then

T ∗(l)
[
a
c

]
M

=
l−1∑
i=0
i�=i0

[
a+ ic
lc

]
M

+
[
(a+ i0c)/l

c

]
M

.(2.1.11)

• Whenl divides bothM andc,

T ∗(l)
[
a
c

]
M

=
l−1∑
i=0

[
a+ ic
lc

]
M

.(2.1.12)

Via the canonical mapping:o[ANr ] � o[Cr] above, these operators induce the operator
o[Cr] denoted by the same symbols in [15], loc. cit.

2.2. Eisenstein elements in cuspidal groups

We fix Dirichlet charactersθ andψ of conductorsu andv, respectively, satisfying the sam
conditions as in Section 1.4. We assume thatuv =N orNp, and thato contains all the values o
θ andψ.

For each prime factorqj of N , we set

{
ordqj (u) := fj,

ordqj (v) := hj ,
(2.2.1)

so that ordqj (N) = ej = fj + hj .
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DEFINITION (2.2.2). – Denote byu1 the least common multiple ofu andp. Identifying the
both sides of (2.1.7), we definee′r ∈ o[ANr ] by ( )

t

rk

n

e′r :=
∑

α∈(Z/vZ)×

∑
β∈(Z/u1Z)×

θ(β)−1ψ(α)
k⊗

j=1

[
α

βq
hj

j

]
q

ej
j

⊗
[

0
ω(β)

]
pr

.

It is easy to see thate′r is a well-defined element. We again writee∗ for Hida’s idempoten
attached toT ∗(p) acting ono[ANr ]. For the same reason as [15], (4.3.4), if we denote byD′r the
o-submodule ofo[ANr ] generated by[ a

c ]Nr
with p | c, then

e∗D′r = {0} and e∗o[ANr ]
∼→ o[ANr ]/D

′
r.(2.2.3)

Now we have thate′r is non-zero. In fact, it is easy to see that(
k⊗

j=1

[
α

βq
hj

j

]
q

ej
j

)
⊗
[

0
ω(β)

]
pr

∈ANr

are all different whenα ∈ (Z/vZ)× and β ∈ (Z/u1Z)× vary. Consequently, by the rema
above, we see thate∗e′r is also non-zero.

In the following, we denote byι the inclusion mapping of(Z/NrZ)× into o[(Z/NrZ)×], the
latter acting ono[ANr ] by the rule (2.1.3). It follows from the definition that

ι(q)e′r = (θψ)(q)ι(〈q〉)e′r(2.2.4)

for any integerq prime toNp, whereι(〈q〉) ∈ o[U1/Ur]⊂ o[(Z/NrZ)×].

PROPOSITION (2.2.5). –The notation being as above, we have

T ∗(l)(e∗e′r) =
{
(θ(l)lι(〈l〉) + ψ(l))(e∗e′r) if l �= p,

ψ(p)(e∗e′r) if l= p.

Proof. –We first treat the case wherel | N so that l = qj0 with some indexj0. Take
α ∈ (Z/vZ)× andβ ∈ (Z/u1Z)×, and choose coprime integersa andc such thata ≡ α and
c≡ βq

hj

j modqej

j (1 � j � k); a≡ 0 andc≡ ω(β) modpr , so that

[
a
c

]
Nr

=

(
k⊗

j=1

[
α

βq
hj

j

]
q

ej
j

)
⊗
[

0
ω(β)

]
pr

.

Assume thathj0 = 0. In this case, we havefj0 = ej0 andl= qj0 � c. Using the same notatio
as in (2.1.11), we have

l−1∑
i=0
i�=i0

[
a+ ic

lc

]
Nr

=
(⊗

j �=j0

[
α

lβq
hj

j

]
q

ej
j

)
⊗
( qj0−1∑

i=1

[
i

βqj0

]
q

ej0
j0

)
⊗
[

0
lω(β)

]
pr

=:Xα,β.

We clearly haveXα,β =Xα,β′ wheneverβ ≡ β′ modu1/qj0 , and so∑
α∈(Z/vZ)×

∑
β∈(Z/u1Z)×

θ(β)−1ψ(α)Xα,β = 0.
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On the other hand, we have[
(a+ i0c)/l

] (⊗[
l′α

] ) [
0
] [

0
]

r.

al
e

ally

e

c Nr

=
j �=j0

βq
hj

j q
ej
j

⊗
β q

ej0
j0

⊗
ω(β) pr

,

wherell′ ≡ 1 modN . We conclude thatT ∗(l)e′r = ψ(l)e′r, which gives our formula, sincee∗

commutes withT ∗(l), andθ(l) = 0.
Next assume thathj0 > 0, i.e. l = qj0 | c. In this case, we apply (2.1.12). Forα,β and[ a

c ]Nr

as above, we have

T ∗(l)
[
a

c

]
Nr

=
(⊗

j �=j0

[
α

lβq
hj

j

]
q

ej
j

)
⊗
( qj0−1∑

i=0

[
α+ iβq

hj0
j0

βq
hj0+1

j0

]
q

ej0
j0

)
⊗
[

0
lω(β)

]
pr

=: Yα,β.

Whenhj0 = ej0 , the sum in the middle term isqj0 [
α
0 ]qej0

j0

, and we easily obtain

T ∗(l)e′r = θ(l)lι(〈l〉)e′r .

On the other hand, whenhj0 �= ej0 so thatfj0 > 0 andθ(l) = ψ(l) = 0, we see thatβ ≡ β′ mod
u1/qj0 impliesYα,β = Yα,β′ . We therefore conclude thatT ∗(l)e′r = 0.

We have thus settled the case wherel |N . Whenl �Np, the proof is similar and in fact simple
Finally assume thatl = p. It is in this case we have to considere∗e′r rather thane′r: Using the
same convention as in (2.1.11), (2.2.3) implies that

T ∗(p)e∗
[
a

c

]
Nr

= e∗
[
(a+ i0c)/p

c

]
Nr

wheneverp � c. One then easily derivesT ∗(p)(e∗e′r) = ψ(p)(e∗e′r). ✷
DEFINITION (2.2.6). – We denote byer the image ofe′r in o[Cr].

2.3. Eisenstein elements in Λ-adic cuspidal groups

We keep the notation of the previous subsection. Whenr � 1 varies, there are natur
surjectionsANs �ANr sending[ a

c ]Ns
to [ a

c ]Nr
for s� r. We can therefore form the projectiv

limits: 
o❏ANp∞❑ := lim←−

r�1

o[ANr ] = o[AN ]⊗ o❏Ap∞❑,

o❏C∞❑ := lim←−
r�1

o[Cr].
(2.3.1)

These are modules overo❏ lim←−r�1(Z/NrZ)×❑ in the manner described in Section 2.1. Especi

they are modules overΛo. As in [15], we set

Cp(N)o := e∗o❏C∞❑.(2.3.2)

Via the action of Hecke operators described in Section 2.1, we can considerCp(N)o as an
e∗H∗(N ;o)-module ([15], 4.3), the resultingo❏ lim←−r�1(Z/NrZ)×❑-module structure being th

one described above. We then recall thatCp(N)o is a freeΛo-module of finite rank (loc. cit.).
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It is clear from the definitions thate′r ander give rise to elements of the projective limits
above, and we set { ′ ′ ∞

ct

,

se

o the
e∞ := (er)r�1 ∈ o❏ANp ❑,

e∞ := (er)r�1 ∈ o❏C∞❑.
(2.3.3)

We now assume thatp does not divideϕ(N). Set

χ= θψ.(2.3.4)

For anyo[(Z/NrZ)×]-moduleM , we denote byM (χ) itsχ-eigenspace, i.e. the maximum dire
summand ofM on which(Z/NrZ)× acts through the (possibly imprimitive) characterχ. Then
sinceχ is even, we have canonical isomorphisms:{

o[ANr ](χ) ∼= o[Cr](χ),

o❏ANp∞❑(χ) ∼= o❏C∞❑(χ).
(2.3.5)

We see from (2.2.4) thate∞ lies in o❏C∞❑(χ).

THEOREM (2.3.6). –Assume thatp � ϕ(N). ThenΛo(e∗e∞) is a freeΛo-module of rank one

and it is a direct summand of the freeΛo-moduleCp(N)o or Cp(N)(χ)
o . Moreover, it coincides

with the kernel of the Eisenstein ideal defined in(1.5.1):

Λo(e∗e∞) = Cp(N)o[I∗(θ,ψ)].

Proof. –We fix anr � 1 for the moment. LetMr be theo-submodule ofo[ANr ] generated by
all (

k⊗
j=1

[
α

βq
hj

j

]
q

ej
j

)
⊗
[

0
ω(β)γ

]
pr

for α ∈ (Z/vZ)×, β ∈ (Z/u1Z)× andγ ∈ U1/Ur. As noted in the previous subsection, the
are well-defined elements ofANr , and are in fact all different. Evidently, as ano[(Z/NrZ)×]-
module,o[ANr ] is a direct sum ofMr and theo-submodule generated by the elements ofANr

not contained inMr.
On the other hand, we can makeMr into a module over(Z/vZ)× × (Z/u1Z)× × (U1/Ur)

by letting an element(α′, β′, γ′) in this group send the element above to(
k⊗

j=1

[
α′α

β′βq
hj

j

]
q

ej
j

)
⊗
[

0
ω(β′β)γ′γ

]
pr

.

It is then clear thatMr is a freeo[(Z/vZ)× × (Z/u1Z)× × (U1/Ur)]-module of rank one with
a basis

pr :=

(
k⊗

j=1

[
1
q
hj

j

]
q

ej
j

)
⊗
[
0
1

]
pr

.

By our assumption, the orderg of the group(Z/vZ)× × (Z/u1Z)× is prime top. Therefore,
the elemente′r is nothing but the one obtained by applying the idempotent attached t
characterψ−1 × θ : (α,β) �→ θ(β)ψ−1(α) of (Z/vZ)× × (Z/u1Z)×, to a basisgpr. Thus
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o[U1/Ur]e′r = M
(ψ−1×θ)
r , which is ano[U1/Ur]-module direct summand ofo[ANr ], and free

of rank one overo[U1/Ur]. Note thatM (ψ−1×θ)
r is contained inM (χ)

r in the previous sense.
∗

t
is,
e,

.4,
y

ious
s

rator
ils.)
hat

covered

to the
on:
[15],
We deduce from this and (2.2.3) thato[U1/Ur](e er) is free of rank one overo[U1/Ur], and
that it is a direct summand of theo[U1/Ur]-modulee∗o[Cr](χ). The first assertion follows from
this.

Now it follows from (2.2.4) and (2.2.5) thate∗e∞ ∈ Cp(N)o[I∗(θ,ψ)]. Let LK be the
quotient field ofΛo. Then sinceCp(N)o/Λo(e∗er) is free overΛo, it is enough to show tha
(Cp(N)o ⊗Λo

LK)[I∗(θ,ψ)] is a one-dimensionalLK -vector space, to finish the proof. For th
one easily reduces the problem to the case whereK contains all the roots of unity. In this cas
by the main results of [15] and [16] (cf. also (2.4.6) below),Cp(N)o ⊗Λo

LK is canonically
isomorphic to theLK -vector space generated by theΛ-adic Eisenstein series given in Section 1
and via this isomorphism,T ∗(−) on the former corresponds toT (−) on the latter. Thus b
(1.4.8), the space above is one-dimensional.✷
2.4. Residue mapping for Λ-adic modular forms

Assume thato contains all the roots of unity. We first recall some results from our prev
works. We writeΓr for Γ1(Npr), andS2(Γr;o) (resp.M2(Γr;o)) for the space of cusp form
(resp. modular forms) of weight 2 with respect toΓr with coefficients ino. We then denote
by S∗2 (Γr;o) (resp.M∗2 (Γr ;o)) the space obtained from the above by applying the ope
“ | τr” with τr := [ 0 −1

Nr 0 ]. (See [14], (2.1.3), (2.3.4) and [15], (1.5.8), (2.2.1) for more deta
Denoting bye∗ Hida’s idempotent attached toT ∗(p) acting on the latter spaces, we recall t
there is an exact sequence for eachr � 1

0→ e∗S∗2 (Γr;o)→ e∗M∗2 (Γr;o)
Resr→ e∗o[Cr]→ 0,(2.4.1)

where Resr sendsf ∈ e∗M∗2 (Γr;o) to the formal sum obtained by taking residues at cusps:

Resr(f) :=
∑
c∈Cr

Resc(ωf ) · c with ωf := f
dq

q
.(2.4.2)

Indeed, in [15], 4.4, we have established this for certain subspaces, and the general case is
by the argument in [16], 2.2.

Whens� r � 1, we have the following commutative diagram:

0 e∗S∗2 (Γs;o)

trace

e∗M∗2 (Γs;o)
Ress

trace

e∗o[Cs] 0

0 e∗S∗2 (Γr;o) e∗M∗2 (Γr ;o)
Resr

e∗o[Cr] 0

(2.4.3)

where the left two vertical arrows are the natural trace mappings (i.e. they correspond
traces of differentials viaf ↔ ωf ), and the right vertical one is induced from the projecti
Cs →Cr. Then taking the projective limit, using the same terminology as [14], (2.3.5) and
(2.2.2), we obtain the exact sequence

0→ e∗S∗2(N ;o)→ e∗M∗2(N ;o) Res∞→ Cp(N)o → 0.(2.4.4)
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(To check the surjectivity of Res∞ directly, it is enough to show that this mapping is surjective
when reduced moduloTΛo, since its domain and range are both finitely generated free
Λo-modules ([15], (2.4.10)). By [15], (2.5.4) and (4.3.14), this amounts to the surjectivity of

cit:

s

on.

stein
Res1.)
On the other hand, there are canonical isomorphisms:{

e∗S∗2(N ;o)∼= eS(N ;Λo),
e∗M∗2(N ;o)∼= eM(N ;Λo)

(2.4.5)

([14], (2.3.6), [15], (2.2.3)). Combining these with (2.4.4), we obtain the exact sequence

0→ eS(N ;Λo)→ eM(N ;Λo)
Res→ Cp(N)o → 0.(2.4.6)

We callRes theresidue mappingfor Λ-adic modular forms. Let us make this mapping expli
An elementF ∈ eM(N ;Λo) corresponds, via (2.4.5), to(fr)r�1 ∈ e∗M∗2(N ;o) defined by

fr =
1

pr−1

( ∑
ε∈Û1/Ur

Fε,0 | T (p)−r | τ−1
r

)
(2.4.7)

whereÛ1/Ur is the set of(Q
×

-valued) characters ofU1/Ur. Thus if we set

gr :=
1

pr−1

( ∑
ε∈Û1/Ur

Fε,0 | T (p)−r

)
(2.4.8)

we see that the composite ofeM(N ;Λo)
Res→ Cp(N)o � e∗o[Cr] sendsF to∑

c∈Cr

Resτr(c)(ωgr ) · c.(2.4.9)

Now let θ andψ be Dirichlet characters as in Section 2.2, and assume that(θ,ψ) �= (ω−2,1).
SinceRes commutes with the Hecke operators in the sense thatT (−) on the domain commute
with T ∗(−) on the range, we see thatRes(E(θ,ψ)) lies in Cp(N)o[I∗(θ,ψ)], in general. The
following is the main result of this section:

THEOREM (2.4.10). –Let the notation and the assumption be as in(2.3.6)with

(θ,ψ) �=
(
ω−2,1

)
.

Then the image ofE(θ,ψ) ∈ eM(N ;Λo) underRes is a multiple ofA(T ; θ,ψ)(e∗e∞) by a unit
in Λo. Here,A(T ; θ,ψ) is the power series defined by(1.5.4).

To prove this theorem, we will study the classical Eisenstein series in the next subsecti

2.5. Classical Eisenstein series of weight 2

Let M be a positive integer. In [3], Hecke studied (not necessarily holomorphic) Eisen
series for the principal congruence subgroupΓ (M). When the weight is2, they are given by
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G2(z;a1, a2,M) :=
∑′

mi≡ai (M)

1
(m1z +m2)2|m1z +m2|s

∣∣∣∣
s=0( )

nd
ipts

at

bove

t
er the
=
−π
M2y

+ δ′
a1

M

∑′

m2≡a2 (M)

1
m2

2

− 4π2

M2

∑
mm1>0

m1≡a1 (M)

|m|e2πi
a2m

M e2πi
mm1

M z.(2.5.1)

Here,a1 anda2 are integers;z = x + yi is a variable on the complex upper half plane; a
δ′(a1/M) is equal to1 (resp.0) whena1/M is an integer (resp. otherwise). The superscr
prime for the sum indicate the exclusion of the termm1 =m2 = 0 orm2 = 0. For

γ =
[
a b
c d

]
∈ SL2(Z),

the Eisenstein series above satisfy the transformation law

G2(z;a1, a2,M) | γ :=
G2(az+b

cz+d ;a1, a2,M)
(cz + d)2

= G2(z;aa1 + ca2, ba1 + da2,M).(2.5.2)

Now let θ andψ be Dirichlet characters of conductorsu andv, respectively. We assume th
θψ is even, and that one ofθ orψ is non-trivial. In the following, we setM := uv. The Eisenstein
series

E2(θ,ψ) := δ(ψ)L(1− 2, θ) +
∞∑

n=1

( ∑
0<t|n

θ(t)ψ
(
n

t

)
t

)
qn(2.5.3)

(notation as in (1.4.3)) forΓ1(M) can be expressed in terms of Hecke’s Eisenstein series a
by the following formula of Hida:

LEMMA (2.5.3) (cf. [6], p. 577). –The series

E′2(θ,ψ) :=
v∑

α=1

M∑
β=1

ψ(α)θ(β)G2(z;αu,β,M)

is equal to

−2τ( θ )
(
2π
u

)2

E2(θ,ψ),

whereτ( θ ) :=
∑u

a=1 θ(a)e
2πia/u is the usual Gauss sum.

Proof. –Hida noted thatE′2(θ,ψ) is a constant multiple ofE2(θ,ψ), and there is no doubt tha
he knew its explicit form. Since this is not stated in [6], we give the calculation: We consid
“non-constant term” ofE′2(θ,ψ) divided by−4π2/M2. We see from (2.5.1) that it is equal to

v∑
α=1

M∑
β=1

ψ(α)θ(β)
∑

mk>0
k≡αu (M)

|m|e2πi
βm
M e2πi

mk
M z.
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Here,k must be divisible byu, and thus puttingk = ru, this reads:

M∑ ∑ βm mr

erms

ke

is
β=1 mr>0

ψ(r)θ(β)|m|e2πi M e2πi v z.

Whenv �m, the sum
∑M

β=1 θ(β)e
2πi βm

M vanishes, and hence we only need to consider the t
with m divisible byv. Then settingm= vs, we see that the above is equal to

∞∑
n=1

( ∑
n=rs

ψ(r)θ(s)vτ( θ )|vs|
)
e2πinz .

Sinceψθ is even, this is equal to the non-constant term of2v2τ( θ )E2(θ,ψ). (Of course, one
easily checks that the “constant terms” also agree: See the proposition below.)✷

We next want to calculate the constant terms ofE2(θ,ψ) at various cusps. For this, we ta
and fixγ = [ a b

c d ] ∈ SL2(Z), so thatγ(i∞) = a/c ∈ P1(Q) gives the cusp[ a
c ]M mod{±1} in

the notation of Section 2.1.

PROPOSITION (2.5.5). –The constant term of theq-expansion ofE2(θ,ψ) | γ is 0 if u � c.
Whenu | c, it is given by

1
2
τ(ψθ )
τ( θ )

(
cond(θ)
cond(ψθ)

)2

ψ

(
− c

u

)
θ(a)

( ∏
l|M

l�cond(θψ )

(
1− (ψθ )(l)l−2

))
×L(1− 2, θψ )

where the product ranges over all primes satisfying the indicated conditions.

Proof. –We compute the constant term ofE′2(θ,ψ) | γ. By (2.5.2), we have

E′2(θ,ψ) | γ =
v∑

α=1

M∑
β=1

ψ(α)θ(β)G2(z;aαu+ cβ, bαu+ dβ,M).

By (2.5.1), a term in the right-hand side contributes to the constant term only whenaαu+cβ ≡ 0
(M), or equivalently, whencβ ≡ 0 (u) andaα+ cβ/u≡ 0 (v). Therefore, the constant term
equal to

v∑
α=1

M∑
β=1

aαu+cβ≡0 (M)

ψ(α)θ(β)
( ∑′

m≡bαu+dβ (M)

1
m2

)
.

If u � c, thencβ ≡ 0 (u) implies that(β,u) �= 1, so thatθ(β) = 0 and the above sum vanishes.
We henceforth assume thatu | c. For a given integerm, the condition

[aαu+ cβ, bαu+ dβ] = [αu,β]
[
a b
c d

]
≡ [0,m] (M)

is equivalent to:

α≡− c

u
m (v) and β ≡ am (M)
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and these conditions determineα andβ uniquely in the range considered above. It follows that
the constant term is equal to:( ) ( )

of

e
e

t

l
es
f

ption as
∑′

m

ψ − c

u
ψ(m)θ(a)θ(m)

1
m2

= 2ψ − c

u
θ(a)L(2, ψθ )

∏
l|M

l�cond(ψθ )

(
1− (ψθ )(l)l−2

)

sinceψθ is even. (Note thatψ(0) = 1 whenψ is the trivial character.) The functional equation
theL-function then implies that this is equal to

2ψ
(
− c

u

)
θ(a)

( ∏
l|M

l�cond(θψ )

(
1− (ψθ )(l)l−2

))
· (−1)

τ(ψθ )
2

4π2

cond(ψθ )2
L(1− 2, θψ ),

from which our formula follows. ✷
Later, we will also need the following fact: Letp be a prime not dividingM , and denote byθp

the imprimitive Dirichlet character defined modulopu induced fromθ. We can then consider th
Eisenstein series attached toθp andψ defined by the same formula as (2.5.3). We in fact hav

E2(θp, ψ) =E2(θ,ψ)− θ(p)E2(θ,ψ) |
[
p 0
0 1

]
.(2.5.6)

COROLLARY (2.5.7). –Let the notation be as above, and assume thatp | c. Then the constan
term of theq-expansion ofE2(θp, ψ) | γ is 0 if u � c. Whenu | c, it is equal to the constant term
ofE2(θ,ψ) multiplied by1− (θψ )(p)p.

Proof. –Noting that

E2(θ,ψ) |
[
p 0
0 1

][
a b
c d

]
=E2(θ,ψ) |

[
a bp
c/p d

][
p 0
0 1

]
the result follows from (2.5.5) and (2.5.6).✷

In the above discussions, we excluded the case where(θ,ψ) = (1,1). However, as is wel
known (cf. [3], Math. Werke, p. 474), the seriesE2(1p,1) also gives the Eisenstein seri
of weight 2 with respect toΓ0(p). Thus whenp | c (i.e. γ ∈ Γ0(p)), the constant term o
E2(1p,1) | γ is given by(1− p)ζ(1− 2)/2, in accordance with (2.5.7).

2.6. Proof of (2.4.10)

We now return to the situation considered in Section 2.4, and keep the same assum
in (2.4.10). We already know thatRes(E(θ,ψ)) is contained inCp(N)o[I∗(θ,ψ)] = Λo(e∗e∞)
(2.3.6), and want to describe theΛo-submodule generated by it.

We fix an integerr � 1 for the moment. Setting

ωr := (1 + T )p
r−1 − 1 ∈Λo(2.6.1)

we recall that the projection induces an isomorphism

Cp(N)o/ωr
∼→ e∗o[Cr](2.6.2)
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([15], (4.3.14)). Thus the image ofΛo(e∗e∞) in e∗o[Cr] is the rank oneΛo/(ωr)-direct
summand(Λo/(ωr))(e∗er) = o[U1/Ur](e∗er), and we can express the image ofRes(E(θ,ψ))
in e∗o[Cr] uniquely in the form

f

∑
γ∈U1/Ur

cr,γ · ι(γ)(e∗er) with cr,γ ∈ o.(2.6.3)

We are going to compute the coefficientscr,γ .
Now set

πγ :=

(
k⊗

j=1

[
1
q
hj

j

]
q

ej
j

)
⊗
[
0
γ

]
pr

mod{±1} ∈Cr for γ ∈ U1/Ur.(2.6.4)

Then it follows from the definition (2.2.2) ofe′r that er is a sum of2π1 and ano-linear
combination of elements ofCr different fromπ1. Sincee∗[ a

c ]Nr
≡ [ a

c ]Nr
modD′r whenever

p � c (2.2.3), we conclude that2cr,γ is equal to the coefficient of the image ofRes(E(θ,ψ)) with
respect toπγ .

In what follows, we put

u′ :=
k∏

j=1

q
fj

j(2.6.5)

so thatu= u′ or u′p, andN = u′v.

LEMMA (2.6.6). –Take an elementγ ∈ U1/Ur (⊂ (Z/NrZ)×), and letσγ be an element o
SL2(Z) such thatσγ ≡

[
γ−1 ∗

0 γ

]
modNr. Letgr be defined fromE(θ,ψ) by the formula(2.4.8).

If π1 = [ a
c ]Nr

mod{±1} with coprime integersa andc, then we have

2cr,γ =Resπ(ωgr|σ−1
γ

)

with π :=
[ −c/v

au′pr

]
Nr

mod{±1}.

Proof. –We haveπγ = σγπ1. So, by (2.4.9) and the discussion above, we have

2cr,γ =Resτr(πγ)(ωgr ) = Resτr(π1)(ωgr |σ−1
γ

).

On the other hand, one checks easily thatτr(π1) = π. ✷
To calculatecr,γ using this, we need the following two elementary facts:

LEMMA (2.6.7). –The “width” of the cuspπ above isv; i.e. if δ is an element ofSL2(Z) such
thatδ(i∞) = π, then we have

δ−1
{
η ∈ Γr | η(π) = π

}
δ · {±1}=

{
±
[
1 v
0 1

]m ∣∣∣m ∈ Z
}
.

Proof. –Straightforward, and left to the reader.✷
On the other hand, in general, letχ1 andχ2 be Dirichlet characters of conductorsf andg,

respectively. Then it is well known (and easy to see) that:

τ(χ1χ2) = χ1(g)χ2(f)τ(χ1)τ(χ2) if (f, g) = 1.(2.6.8)
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Recall that we have setξ = θψ−1 = θψ (1.5.3). We are now ready to prove the following

PROPOSITION (2.6.9). –Let the notation be as above, and writeθ = θ0ω
i with p not dividing

of

as
the conductor ofθ0. Then there is ap-adic unitC contained in a finite cyclotomic extension
Qp and dependent only onθ andψ, with whichcr,γ can be expressed as

C × 1
pr−1

∑
ε∈Û1/Ur

ε(γ)−1ε

(
−N

cond(ψθ0)

)

×
( ∏

l|N
l�cond(ξ)

(
1−

(
ξω2ε

)−1(l)〈l〉−2
))

G
(
ε(u0)− 1, ξω2

)

whereG(T, ξω2) is defined in Section1.4.

Proof. –Using the definition (2.4.8) and the description (1.4.7) of specializations ofE(θ,ψ),
we first note thatgr above is given by

ψ(p)−r

pr−1

∑
ε∈Û1/Ur

E2

(
(θε)p, ψ

)
.

Here,(θε)p is the (possibly imprimitive) Dirichlet character modulo LCM(cond(θε), p) induced
from θε (hence(θε)p = θε unlessε = 1), andE2((θε)p, ψ) is defined by the same formula
(2.5.3). By (2.6.6), combined with (2.6.7) and [15], (4.5.4), we see thatv−12cr,γ is equal to the
constant term of theq-expansion of

ψ(p)−r

pr−1

∑
ε∈Û1/Ur

ε(γ)−1E2

(
(θε)p, ψ

)
at the cuspπ.

But by (2.5.5), (2.5.7) and the remark after it, the constant term ofE2((θε)p, ψ) atπ is given
by

1
2
τ(ψ( θε ))
τ( θε )

(
cond(θε )

cond(ψ( θε ))

)2

ψ

(
− au′pr

cond(θε)

)
· ( θε )

(
−c
v

)
×

∏
l|cond(θε )cond(ψ)

l�cond(ψ(θε ))

(
1−ψ( θε )(l)l−2

)
×L

(
1− 2, (θε)pψ

)
.

If cond(ωiε) = ps, we see from (2.6.8) above that

τ(ψ( θε ))
τ( θε )

=
τ(ψ( θε ))
τ(ωiε )

· τ(ω
iε )

τ( θε )
=
τ(ψθ0)
τ( θ0)

ψ
(
ps
)
·
(
ωiε

)( cond( θ0)
cond(ψθ0)

)
.

On the other hand, it is easy to see that(
cond( θε )

cond(ψ( θε ))

)2

=
(

cond(θ0)
cond(ψθ0)

)2

,
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ψ

(
− au′pr

cond(θε)

)
= ψ

(
−pr−s

)
and ( θε )

(
− c

v

)
= θ0

(
− c

v

)(
ωiε

)
(−v).

in this

t

It is clear that these four terms are allp-adic units in a finite cyclotomic extension ofQp. Also,
their product is a product of ap-adic unit which depends only onθ andψ, and

ψ
(
ps
)
ε

(
cond(θ0)
cond(ψθ0)

)
ψ
(
pr−s

)
ε(−v) = ψ

(
pr
)
ε

(
− N

cond(ψθ0)

)
.

Now the range ofl indicated under the product above is for thosel such thatl | u′v =N and
l � cond(ξ). We also have

L
(
1− 2, (θε)pψ

)
=G

(
ε(u0)− 1, ξω2

)
.

Thus combining what we have said, the proposition follows.✷
We now prove (2.4.10): IfRes (E(θ,ψ)) = F0(T )(e∗e∞) with F0(T ) ∈ Λo, then its image in

(Λo/(ωr))(e∗er) = o[U1/Ur](e∗er) is given by

∑
γ∈U1/Ur

(
1

pr−1

∑
ε∈Û1/Ur

ε(γ)−1F0

(
ε(u0)− 1

))
· ι(γ)(e∗er)

for all r � 1 (cf. e.g. the proof of [14], (2.4.2)). Conversely, this property determinesF0(T )
uniquely.

Defineα ∈ Zp by 〈
− N

cond(ψθ0)

〉
= uα

0

so that the value of(1 + T )α ∈ Λ×o atT = ε(u0)− 1 is ε(−N/cond(ψθ0)). If we set

F (T ) :=C(1 + T )α
( ∏

l|N
l�cond(ξ)

(
1−

(
ξω2

)−1(l)〈l〉−2(1 + T )−s(l)
))

G
(
T, ξω2

)
∈ Λo

then it follows from (2.6.9) that thisF (T ) enjoys the characterizing property ofF0(T ), and we
conclude thatF0(T ) = F (T ). Clearly,F (T ) is a multiple ofA(T ; θ,ψ) by a unit inΛo; and the
proof of (2.4.10) is complete.

3. Determination of congruence modules of Eisenstein type

3.1. Congruence modules for Λ-adic modular forms

The purpose of this section is to prove our main theorem (1.5.5). We treat the case (I)
subsection.

We consider the same situation as in Section 1.5: Letθ, ψ, u, v, and r be as stated a
the beginning of Section 1.4, withuv = N or Np, and assume thatp � ϕ(N). Recall that
M(θ,ψ) =: M (resp.M∗(θ,ψ) =: M∗) is the Eisenstein maximal ideal ofeH(N ; r) (resp.
e∗H∗(N ; r)) associated withE(θ,ψ).
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LEMMA (3.1.1). –(Z/NpZ)× acts on the localizationeH(N ; r)M through the characterθψ,
andT (q, q) = (θψ)(q)ι(〈q〉) in eH(N ; r)M for all positive integersq prime toNp. The same
holds fore∗H∗(N ; r)M∗ .

n be

y
quence
s

all
,
hat the

.3.6),

d

a when

al
5], 5.2.

ds
Proof. –It is enough to prove the assertion foreH(N ; r)M, and we may assume thatr contains
all theϕ(Np)th roots of unity to do this. Then, sincep � ϕ(N), the action of(Z/NpZ)× on the
local ring eH(N ; r)M must factor through a character, and by (1.4.8), this character ca
nothing other thanθψ. The assertion forT (q, q) also follows from this. ✷

PROPOSITION (3.1.2). –Cp(N)r,M∗ is a free Λr-module of rank one when(θ,ψ) is not
exceptional(1.4.10). If (θ,ψ) is exceptional, it is free of rank two overΛr.

Proof. –We may again assume thatr contains all theϕ(Np)th roots of unity.
Cp(N)r,M∗ , being a direct factor of a freeΛr-module, isΛr-free, and its rank is positive b

(2.3.6). Assume that the rank is strictly greater than one. Then we see from the exact se
(2.4.6) that there would exist a non-zero elementx ∈ Cp(N)r,M∗ for which the eigenvalue
of T ∗(l) coincide with the eigenvalues ofT (l) for E(θ′, ψ′; c) ∈ eM(N ;Λr) with some
(θ′, ψ′) �= (θ,ψ), for all primesl � Np. By (1.4.9), (i), we must have:(θ′, ψ′) = (ψω−1, θω).
Consequently, sinceuv = N or Np, we havec = 1, andx shares the same eigenvalues for
prime numbersl with E(ψω−1, θω), in the same sense as above. When(θ,ψ) is not exceptional
we get a contradiction by (1.4.9), (ii). In the exceptional case, the same lemma implies t
Λr-rank ofCp(N)r,M∗ is two. ✷

From now on, we assume that(θ,ψ) is non-exceptional, andK is a complete subfield ofCp

containingk and all the roots of unity, in this subsection. By the above proposition and (2
we have:

Cp(N)r,M∗ ⊗Λr
Λo

∼= Cp(N)o,M∗ =Λo(e∗e∞).(3.1.3)

Now consider (2.4.6) as an exact sequence ofeH(N ; r)-modules, viewingCp(N)o as a
module over this ring through the canonical isomorphism:eH(N ; r) ∼→ e∗H∗(N ; r). Then, its
localization atM becomes

0→ eS(N ;Λo)M → eM(N ;Λo)M
Res−→Λo(e∗e∞)→ 0.(3.1.4)

Noting thateM(N ;Λr)⊗Λr
Λo

∼= eM(N ;Λo) canonically (and similarly for cusp forms), an
using the faithful flatness ofΛo overΛr (cf. [16], (2.1.1)), we see thateM(N ;Λr)M/eS(N ;Λr)M
is Λr-free of rank one, and we have the exact sequence ofeH(N ; r)M-modules

0→ eS(N ;Λr)M
i→ eM(N ;Λr)M

π→ Λr → 0(3.1.5)

where eH(N ; r)M acts onΛr through its quotienteH(N ; r)M/I(θ,ψ)M = Λr. This is the
exact sequence stated in (1.5.5), (I). It splits uniquely as modules over the Hecke algebr
tensored withLk (the quotient field ofΛr) overΛr. When(θ,ψ) = (ω−2,1), the mappingπ
may be identified with the one taking aΛ-adic modular form to its constant term of the form
q-expansion, and the congruence module vanishes in this case, from the argument of [1
We assume that(θ,ψ) �= (ω−2,1) in the following.

By (2.4.10) and its proof, whenr contains the constantC in (2.6.9), the residue mapping sen
eM(N ;Λr)M to Λr(e∗e∞), and (3.1.5) may be identified with

0→ eS(N ;Λr)M
i→ eM(N ;Λr)M

Res→ Λr(e∗e∞)→ 0.(3.1.6)
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(See Section 3.3 below for another description of Coker(i).) To prove (1.5.5) for (I), we may
assume that we are in this case (or we may even replacer by o), by (1.1.7) and (1.1.9).

Now if we denote bys the section ofRes⊗Λr
1Lk

, its image is theLk-vector subspace spanned

s

ting as

tor

e thus

y
a

or,
g

,

by E(θ,ψ). By (2.4.10), we in fact have

s(e∗e∞) =UA(T ; θ,ψ)−1E(θ,ψ)(3.1.7)

with a unitU in Λr. Since the coefficient ofqp in E(θ,ψ) is ψ(p) ∈ r×, we conclude that

Res
(
eM(N ;Λr)M ∩ s

(
Λr(e∗e∞)

))
=A(T ; θ,ψ) ·Λr(e∗e∞)(3.1.8)

which completes the proof of the part (I) of (1.5.5).
As a consequence, we obtain the following result. Whenψ = 1, it had been proved by Wile

([22], Theorem 4.1).

PROPOSITION (3.1.9). –The notation being as in(1.5.1), there is a surjectiveΛr-algebra
homomorphism

eh(N ; r)M/I(θ,ψ)M � Λr/
(
A(T ; θ,ψ)

)
.

Proof. –Considering the congruence module attached to (3.1.5) with the canonical split
aneH(N ; r)M-module, we obtain a surjectiveΛr-algebra homomorphism:

eH(N ; r)M � Λr/
(
A(T ; θ,ψ)

)
.

In view of the description as “t(B)/A” of the congruence module in (1.1.4), this must fac
througheH(N ; r)M � eh(N ; r)M, while the description as “C/π(B ∩ s(C))” loc. cit. implies
that this further factors througheh(N ; r)M/I(θ,ψ)M. ✷

COROLLARY (3.1.10). –If A(T ; θ,ψ) is not a unit inΛr, thenI(θ,ψ), and hencem(θ,ψ)
also, is a proper ideal ofeh(N ; r).

3.2. Congruence modules for Hecke algebras

For the moment, we give some general remarks under the setting as in Section 1.1. W
consider the exact sequence (1.1.1) of flatR-modules, and its splitting (1.1.2) overL.

Assume that we are given anR-subalgebraH of EndR(B), which is commutative, unitar
andR-flat. We also assume that (1.1.1) is an exact sequence ofH-modules, and that (1.1.2) is
splitting ofH ⊗R L-modules. ThenH naturally embeds inEndR(A⊗R L)⊕EndR(C ⊗R L).
Let pr1 (resp. pr2) be the projection mapping fromH to the first (resp. the second) direct fact
and setHi := pri(H) for i= 1, 2. Define idealsa andb of H by the exactness of the followin
sequences: {

0→ a →H
pr1→ H1 → 0,

0→ b →H
pr2→ H2 → 0.

(3.2.1)

Assume furthermore thatH1 andH2 are bothR-flat (from which theR-flatness ofa and b

follows), and thatH ⊗R L
∼→ (H1 ⊗R L)⊕ (H2 ⊗R L) via pr1 and pr2. From the last condition

we obtain canonical splittings of the two sequences above when tensored withL overR, and we
can consider the associated congruence modules. These are both isomorphic to

(H1 ⊕H2)/H =: C.(3.2.2)
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On the other hand, it is clear thatb =AnnH(C), the annihilator ofC in H , and this is mapped
injectively intoH1 via pr1. Thus (1.1.4) gives the following description:

t
from
e in

a
to
res
e

gh an
).
ults

alois
e

case

e

now

.

hen

e

of
C ∼=H1/pr1
(
AnnH(C)

)
.(3.2.3)

We now come back to the situation studied in Section 3.1. We assume that(θ,ψ) is non-
exceptional, and apply the argument above to the exact sequence (3.1.5) withR = Λr and
H = eH(N ; r)M. Clearly, we haveH1 = eh(N ; r)M andH2 =Λr. Noting thatpr2 in the presen
case cannot factor throughH1, we see that all the conditions above are satisfied. Also,
definition (1.5.1),b = I(θ,ψ)M and pr1(b) = I(θ,ψ)M, so that the second exact sequenc
(3.2.1) is nothing but the one labelled as (II) in (1.5.5):

0→I(θ,ψ)M → eH(N ; r)M →Λr → 0.(3.2.4)

By (3.2.3), the associated congruence module is isomorphic to thecuspidal Hecke algebr
modulo Eisenstein ideal: eh(N ; r)M/I(θ,ψ)M, and we want to show that this is isomorphic
Λr/(A(T ; θ,ψ)) when(θ,ψ) �= (ω−2,1), and{0} otherwise. In the former case, (3.1.9) assu
us that the two modules above vanish whenI(θ,ψ)M = eh(N ; r)M; and we are reduced to th
case wherem(θ,ψ) is a proper ideal. Then, whenψ = 1 and θ|(Z/pZ)× = ωi with i �≡ 0,−1
mod (p − 1), the comparison of the two modules above was done in [15], (5.3.21) throu
argument involving the Iwasawa main conjecture forQ (a theorem of Mazur and Wiles [11]
Even whenθ= ω−2, or i≡ 0 or−1, a similar argument applies after [16] (with the aid of res
in Section 3.4 below). Since this task is totally routine, we postpone it until we treat the G
representation theoretical aspect of our theory for more general(θ,ψ) in the appendix, where th
method of Harder and Pink [2], and Kurihara [9] is employed. Here, we prove (1.5.5) in the
(II) under the assumption thatψ is not the trivial character.

For this, we recall the duality betweenΛ-adic modular forms andp-adic Hecke algebras: W
set

em(N ;Λo) :=
(
eM(N ;Λo)⊗Λo

LK

)
∩
(
LK + qΛo❏q❑

)
(3.2.5)

for any K and o as before (which may not contain all the roots of unity). Then, we k
that this is a freeΛo-module of finite rank, and stable under the action ofeH(N ;o) on
eM(N ;Λo)⊗Λo

LK . Define pairings{
eh(N ;o)× eS(N ;Λo)→ Λo,

eH(N ;o)× em(N ;Λo)→Λo,
(3.2.6)

by the formula(t,F) := (the coefficient ofq in the formalq-expansion ofF | t). Then we
also know that these pairings establish perfect dualities of freeΛo-modules (Hida [7], 7.3; cf
also [14], (2.5.3) and [15], (2.5.5)).

LEMMA (3.2.7). –Assume thatψ �= 1 and(θ,ψ) is not exceptional. ForK containingk, the
localizationsem(N ;Λo)M andeM(N ;Λo)M at M = M(θ,ψ)(⊂ eH(N ; r)) coincide.

Proof. –It is clear thateM(N ;Λo)M ⊆ em(N ;Λo)M, and that these become the same w
tensored withLK overΛo. On the other hand, we already know thateM(N ;Λo)M ⊗Λo

LK is
spanned byeS(N ;Λo)M ⊗Λo

LK andE(θ,ψ) overLK . Sinceψ �= 1, the constant term of th
formalq-expansion ofE(θ,ψ) vanishes, and our claim reduces to the equality:(eM(N ;Λo)⊗Λo

LK) ∩ Λo❏q❑ = eM(N ;Λo). This follows from [15], (2.4.9) and the final equality in the pro
of [15], (2.4.7); but see also the corrections to [15] at the end of this paper for the latter.✷
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Let us now consider theΛr-dual of the exact sequence (3.1.5). Since the pairings above satisfy
(t′t,F) = (t,F | t′), this reads

in the
natural

phic to
x

odule
,

for

ning

e

he
3.2.7)
0→Λr → eH(N ; r)M
π→ eh(N ; r)M → 0(3.2.8)

whereπ is the obvious surjection. Namely, this is exactly the first exact sequence in (3.2.1)
present situation. Thus the congruence module attached to this sequence together with
splitting is isomorphic to that for (3.2.4) which is generated by one element as aΛr-module
by (1.1.9). We conclude from (1.1.12) that the congruence module in question is isomor
the one in the case (I). This, with the remainder (in the case whereψ = 1) treated in the appendi
in greater generality, settles the case (II) of (1.5.5).

Remark(3.2.9). – In [4], at the end of the paper, Hida conjectured that the congruence m
attached toE(θ,ψ) is described in terms of Kubota–Leopoldtp-adic L-function. Precisely
such aΛ-adic Eisenstein series determines a direct summandK of eH(N ; r)⊗Λr

Lk, which is
isomorphic toLk. (If θ = χωa−2 with χ a Dirichlet character of prime-to-p conductor, this is the
irreducible component attached by Hida, toχ, ψ anda, in [4], Theorem 7.2.) Sinceeh(N ; r)M
is free overΛr, the congruence module above coincides with the one defined in [4], (3.9 a)K.
Thus our result gives an affirmative answer to his conjecture under the assumption thatp � ϕ(N)
and(θ,ψ) is not exceptional.

3.3. Remark on the duality (3.2.6)

Here, we would like to complement (3.2.7) by the following

PROPOSITION (3.3.1). –Let the notation and the assumption be as stated at the begin
of Section3.1. If either ψ �= 1 and θω �= 1; or (θ,ψ) is different from(ω−2,1) and non-
exceptional, then we haveem(N ;Λo)M = eM(N ;Λo)M for M = M(θ,ψ). Consequently, th
second pairing in(3.2.6)induces a perfect duality between the freeΛo-moduleseH(N ;o)M and
eM(N ;Λo)M.

Proof. –When (θ,ψ) is exceptional,eM(N ;Λo)M ⊗Λo
LK is generated overLK by

eS(N ;Λo)M, E(θ,ψ) andE(ψω−1, θω). If ψ andθω are non-trivial, the constant terms of t
q-expansions of these twoΛ-adic Eisenstein series vanish, and the same reasoning as (
applies to conclude.

So, let us assume that(θ,ψ) is not exceptional, butψ = 1 andθ �= ω−2. We first note that we
may replaceo by r which is finite overZp. In fact, if our assertion is established forr, then the
resulting duality, after tensoringΛo overΛr, yields an isomorphism

eM(N ;Λo)M
∼→HomΛo

(
eH(N ;o)M,Λo

)
and hence the duality (3.2.6) implies thatem(N ;Λo)M = eM(N ;Λo)M.

Now in this case, we use the isomorphism

eh(N ; r)M/I(θ,1)M ∼=Λr/
(
G
(
T, θω2

))
established in the appendix, to prove our assertion. We take an elementF ∈ em(N ;Λr)M and
express it as

F = b(T )E(θ,1) + c(T )Fcusp

with b(T ), c(T ) ∈ Lk andFcusp ∈ eS(N ;Λr)M. Write b(T ) as bn(T )/bd(T ) with mutually
coprimebn(T ), bd(T ) ∈ Λr. What we want to show is thatbd(T ) |G(T, θω2).
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For this, putF0 := bd(T )c(T )Fcusp = bd(T )F − bn(T )E(θ,1). This belongs to(
eS(N ;Λr)M ⊗Λr

Lk

)
∩Λr❏q❑= eS(N ;Λr)M.

e

.5)
could

p.
ul. It is

d

subtle
s
f

uthor
It is then easy to see that

F0 | T (l)≡
(
θ(l)Al(T ) + 1

)
F0 modbd(T )Λr❏q❑

if l is a prime number different fromp, and F0 | T (p) ≡ F0 mod bd(T )Λr❏q❑; i.e. F0 is
transformed underT (l)’s in the same manner asE(θ,1) modulobd(T )Λr❏q❑.

But since the coefficient ofqp in F0 is prime to bd(T ), we see that the image ofF0 in
eS(N ;Λr)M/bd(T ) ↪→ (Λr/(bd(T )))❏q❑ spans a freeΛr/(bd(T ))-module of rank one. Th
action on this module gives us aΛr-algebra homomorphism:eh(N ; r)M � Λr/(bd(T )) sending
eachT (l) to the eigenvalue ofT (l) for E(θ,1), which must factor througheh(N ; r)M/I(θ,1)M.
From the above mentioned isomorphism, we conclude that(G(T, θω2))⊆ (bd(T )). ✷

Thus, for non-exceptional(θ,ψ) �= (ω−2,1) with ψ = 1, we have used our main result (1.5
in the case (II) to prove (3.3.1). As the argument in the previous subsection shows, if one
prove (3.3.1) directly somehow, it would conversely give a proof of (1.5.5) for such(θ,ψ) in the
case (II).

We now give another description of Ker(π) (resp. Coker(i)) in the sequence (3.2.8) (res
(3.1.6)). This was suggested by the anonymous referee to whom the author is thankf
based on the exact sequence due to Hida [7], Theorem 2.2:

0→ S(N ; r)→M(N ; r)→C(S ×Z×p ; r)→ 0(3.3.2)

assuming thatr contains primitiveN th roots of unity. Here,S(N ; r) (resp.M(N ; r)) is the
space ofp-adic cusp forms (resp. modular forms) of levelN over r as defined in [7], §1, an
C(S × Z×p ; r) is the space ofr-valued continuous functions onS ×Z×p (the projective limit of
the set of unramified cusps of the tower{X1(Npr)}r�0).

Now applying the idempotente, localizing atM, and then taking ther-dual, we obtain an
exact sequence

0→Meas(S ×Z×p ; r)M → eH(N ; r)M
π→ eh(N ; r)M → 0(3.3.3)

when(θ,ψ) �= (ω−2,1). Here, the module in the left-hand side is the one consisting ofr-valued
measures onS × Z×p . Indeed, Hida proved the (r-linear) duality betweenS(N ; r) andh(N ; r)
([7], Theorem 1.3), and one can proceed in a similar manner (but taking account of a
difference between ther-dual ofM(N ; r) andH(N ; r)) to obtain the duality for modular form
under the assumption on characters above. Note that this especially shows theΛr-freeness o
Ker(π).

Next, taking theΛr-dual of (3.3.3), we also obtain an exact sequence

0→ eS(N ;Λr)M
i→ eM(N ;Λr)M →HomΛr

(
Meas(S ×Z×p ; r)M,Λr

)
→ 0

under the same hypothesis as in (3.3.1).
It is tempting to treat the case (II) of (1.5.5) directly through (3.3.2) and (3.3.3), but the a

has not worked it out.
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3.4. Galois action on p-adic Eichler–Shimura cohomology groups

We give here some preparatory results, in order to complete the proof of (1.5.5) in the next

l

s

r a

ce)

nd

.8)).

ted

e

subsection and in the appendix. In accordance with the terminology of [16], we set
A∗∞ := e∗ES p(N)Ip

Zp
= e∗GES p(N)Ip

Zp
; A∗∞,o := A∗∞⊗̂Zpo = A∗∞ ⊗ΛZp

Λo,

B∗∞ := e∗ES p(N)Zp/A
∗
∞; B∗∞,o := B∗∞⊗̂Zpo = B∗∞ ⊗ΛZp

Λo,

B̃∗∞ := e∗GES p(N)Zp/A
∗
∞; B̃∗∞,o := B̃∗∞⊗̂Zpo = B̃∗∞ ⊗ΛZp

Λo,

(3.4.1)

whereIp is the inertia group ofGal(Qp/Qp) ⊂ Gal(Q/Q). In what follows, we indicate by
the superscript “(i)” the ωi-eigenspace with respect to the action of(Z/pZ)×. Then, in genera
(i.e. without assuming thatp � ϕ(N)), we have the following:

THEOREM (3.4.2). –Assume thati �≡ 0 modulo p − 1. Then a geometric Frobeniu
Φp ∈Gal(Qp/Qp) acts asT ∗(p) onA

∗(i)
∞ .

Proof. –We first note that whenN = 1, this is due to Mazur and Wiles [12], p. 250 (unde
different choice of the models of modular curves).

If Jr denotes the Jacobian variety ofX1(Npr) defined overQ, there is a well-known
isomorphism of Galois modules:H1(X1(Npr)⊗QQ,Zp)∼= Tp(Jr)(−1) through whichT ∗(−)
on the left-hand side commutes withT (−) (the covariant action of the Hecke corresponden
on the right-hand side. Thus, what we need to show is thatΦp acts asT (p) oneTp(Jr)(i)(−1)Ip

for eachr � 1 wheni �≡ 0 modp− 1, e being Hida’s idempotent associated withT (p). For this,
we may takeΦp from Gal(Qp/Qp(ζpr )).

Let Br be the “good quotient” ofJr studied by Mazur and Wiles [11,12], Tilouine [20] a
others (cf. [14], 3.2). It has good reduction overQp(ζpr ), and we denote byBr/Zp[ζpr ] (resp.
Br/Fp

) the Néron model ofBr overZp[ζpr ] (resp. its closed fibre). We can consider thep-divis-
ible group overZp[ζpr ]

Gr :=
(
e ·Br/Zp[ζpr ](p)

)(i)
where “(p)” means the associatedp-divisible group, and we know thateTp(Jr)(i) ∼= Tp(Gr)
canonically. On the other hand, ifqp is a positive integer congruent to 1 (resp.p) mod pr

(resp.N ), we also know thatT (p) acts asT (qp, qp)Φ−1
p on eTp(Br/Fp

) (cf. Saby [17],
Théorèmes 2.2.3 and 2.3.1).

LetG0
r (resp.Gét

r ) be the connected part (resp. the maximal étale quotient) ofGr . The results
above imply thatT (p) = T (qp, qp)Φ−1

p on Tp(Gét
r ). Let us denote by[ , ]r the twisted Weil

pairing onTp(Jr), which induces a perfect duality betweenTp(G0
r) andTp(Gét

r ) (cf. [14], (3.2.5)
where (the “*-version” of) the results of Mazur, Wiles and Tilouine are reviewed, or [16], (1.2
Now, with the choice ofΦp as above, we have[

xΦp , yΦp
]
r
=
[
T (qp, qp)T (p)−1xΦp , y

]
r

for all x ∈ eTp(G0
r) andy ∈ Tp(Gét

r ). On the other hand, the well-known property of the twis
Weil pairing implies that [

xΦp , yΦp
]
r
= κ(Φp)

[
T (qp, qp)x, y

]
r
.

We thus conclude thatΦp = κ(Φp)T (p) on Tp(G0
r). Our result follows from this, sinc

eTp(Jr)(i)(−1)Ip = Tp(G0
r)(−1) (loc. cit.). ✷
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In the rest of this section, we fix(θ,ψ) andr, and assume(1.5.2). For notational simplicity, we
put:  ∗ ∗ ∗

e

he

5.3

t

lo the
to

by

h := e h (N ; r)M∗ ,

H∗ := e∗H∗(N ; r)M∗ ,

X := e∗ES p(N)r,M∗ ,

Y := e∗GES p(N)r,M∗ ,

(3.4.3)

with M∗ = M∗(θ,ψ). We then know thatX+ :=XIp = A∗∞,r,M∗ is a freeh∗-module of rank
one, andX/X+ ⊗Λr

Lk is a freeh∗⊗Λr
Lk-module of rank one ([16], (2.3.6), [15], (5.1.2)). W

therefore obtain a two-dimensional Galois representation:

ρ :Gal(Q/Q)→GLh∗(X) ↪→ GL2(h∗ ⊗Λr
Lk).(3.4.4)

This is unramified outsideNp, and its determinant is given by

detρ(σ) = (θψω)−1(σ)〈κ(σ)〉−1ι
(
〈κ(σ)〉

)−1
(3.4.5)

for all σ ∈ Gal(Q/Q). In fact, for any prime numberl not dividing Np, we have
detρ(Φl) = lT ∗(l, l) for the geometric Frobenius atl ([15], (5.1.5)); and hence (3.1.1) and t
Čebotarev density theorem gives the formula above.

Now we want to split the exact sequences:{
0→X+ →X →X/X+ → 0,
0→X+ → Y → Y/X+ → 0

(3.4.6)

of H∗-modules. For this, we define an integeri mod(p− 1) by

θ|(Z/pZ)× = ωi.(3.4.7)

Then,σ ∈ Ip acts onX/X+ andY/X+ asω−i−1(σ)〈κ(σ)〉−1ι(〈κ(σ)〉)−1 , by [16], (1.3.8).
When i �≡ −1 mod (p − 1), it is easy to split (3.4.6), and this was in fact done in [15],
and [16], 3.2: We take and fix aσ0 ∈ Ip such thatω−i−1(σ0) �= 1 and 〈κ(σ0)〉 = 1. Then we
defineX− (resp.Y−) as the subspace ofX (resp.Y ) consisting of elements on whichσ0 acts
as multiplication byω−i−1(σ0). It is clear that this is mapped isomorphically ontoX/X+ (resp.
Y/X+).

Next assume thati ≡ −1 mod (p − 1). In the following, we takeΦp in such a way tha
κ(Φp) = 1, which is of course possible sinceQp(ζp∞)/Qp is totally ramified atp. For this
Φp, we havedetρ(Φp) = (θψω)(p).

LEMMA (3.4.8). –Assume thati≡ −1 mod(p− 1). ThenT ∗(p)− (θψω)(p)T ∗(p)−1 ∈ H∗

is a unit.

Proof. –SinceH∗ is local, it is enough to show that the element above reduced modu
maximal idealM∗ is a unit. But sinceT ∗(p) ≡ ψ(p) mod M∗, we see that it is congruent
ψ(p)− (θω)(p) modM∗. Our assumption (1.5.2) then implies that this is a unit.✷

By (3.4.2),Φp acts asT ∗(p) onX+, and by the remark above, it acts as(θψω)(p)T ∗(p)−1

onX/X+. Thus if we setX− := (the elements ofX on whichΦp acts as(θψω)(p)T ∗(p)−1),
then this is a direct summand ofX which gives the splitting of the first sequence in (3.4.6),
the lemma above.
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To treat the second sequence in (3.4.6), we recall that there are exact sequences ofGal(Q/Q)-
andGal(Qp/Qp)-modules, respectively:

ult

er
the

e keep

ct
{
0→X → Y →Cp(N)r,M∗(−1)→ 0,
0→X/X+ → Y/X+ →Cp(N)r,M∗(−1)→ 0

(3.4.9)

([15], 4.3). Here, we haveCp(N)r,M∗ = Λr(e∗e∞), by (2.3.6) and (3.1.2). The main res
of [16] implies that the second sequence splits uniquely asH∗- and Gal(Qp/Qp)-modules
when tensored withLk over Λr. Thus we can defineY− ⊆ Y in exactly the same mann
as X− to get the desired splitting ofH∗-modules, for the same reason as above, with
following:

LEMMA (3.4.10). –Wheni≡−1 mod(p− 1), Φp (such thatκ(Φp) = 1) acts onCp(N)r,M∗

as(θψω)(p)T ∗(p)−1, and hence its action onY/X+ is also given by(θψω)(p)T ∗(p)−1.

Proof. –SinceT ∗(p) = ψ(p) onΛr(e∗e∞), it is enough to show that

eΦp
r = (θω)(p)er

for eachr � 1.
In general, ifσ ∈ Gal(Q/Q) satisfiesζσNr

= ζαNr
with an integerα, and if α′ ∈ Z is taken

so thatαα′ ≡ 1 mod Nr , then σ sends the cusp[ a
c ]Nr

mod {±1} to [ a
α′c ]Nr

mod {±1}
(Stevens [19], Theorem 1.3.1). Forσ = Φp, we clearly haveα′ ≡ p mod N and α′ ≡ 1
modpr, and the conclusion follows from the definition ofer (cf. (2.2.2) and (2.2.6)). ✷

Summing up, we have obtained the direct sum decomposition ofH∗-modules:

{
X =X+ ⊕X−,
Y =X+ ⊕ Y−.

(3.4.11)

3.5. Congruence modules attached to p-adic Eichler–Shimura cohomology groups

In this subsection, we treat the cases (III) and (IV), and complete the proof of (1.5.5). W
the notation and the assumption of Section 3.4.

We first consider the exact sequence already mentioned above:

0→X → Y → Λr(e∗e∞)(−1)→ 0.(3.5.1)

This is the sequence (III) in (1.5.5). From the existence ofY− above, we see that this exa
sequence splits uniquely as modules overH∗ when tensored withLk overΛr, and we want to
determine the structure of the congruence module attached to this situation.
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For this, we consider the following commutative diagram in which all the sequences are exact:

s

see
two

sult

of
ruence

e

uality
of
0 0

X+ X+

0 X
i

Y
π

ϕ

Cp(N)r,M∗(−1) 0

0 B∗∞,r,M∗ B̃∗∞,r,M∗
π′

Cp(N)r,M∗(−1) 0

0 0

(3.5.2)

Let

s :Cp(N)r,M∗(−1)⊗Λr
Lk → Y ⊗Λr

Lk

and

s′ :Cp(N)r,M∗(−1)⊗Λr
Lk → B̃∗∞,r,M∗ ⊗Λr

Lk

be the homomorphisms giving the (unique) splittings of the two horizontal lines above, aH∗-
modules.

The uniqueness implies that we have:ϕ ◦ s = s′. We also have thats ands′ commute with
the action ofGal(Qp/Qp). Thus from the construction in the previous subsection, we
thats(Cp(N)r,M∗(−1)) ⊆ Y− ⊗Λr

Lk. Consequently, the congruence modules attached to
horizontal lines above are isomorphic.

As before, we takeK(⊇ k) so large that it contains all the roots of unity. By the main re
of [16], we then have the following commutative diagram:

0 B∗∞,o,M∗

	

B̃∗∞,o,M∗

	

Cp(N)o,M∗(−1) 0

0 eS(N ;Λo)M eM(N ;Λo)M Λo(e∗e∞) 0

(3.5.3)

where we are fixing an isomorphism:Zp(−1) ∼= Zp. Here, the Hecke operatorT ∗(−) on the
upper left two modules corresponds toT (−) on the lower left two modules. The case (I)
(1.5.5), which was established in Section 3.1, together with (1.1.7) implies that the cong
module attached to the lower sequence is isomorphic toΛo/(A(T ; θ,ψ)) if (θ,ψ) �= (ω−2,1) and
{0} otherwise. (Remember thatΛo is faithfully flat overΛr.) The case (III) of (1.5.5) therefor
follows from this combined with (1.1.7) and (1.1.9).

Let us finally treat the case (IV) of (1.5.5). In Section 1.3, we have established the d
(1.3.3) betweene∗GES p(N)r and e∗MS p(N)r. By (1.3.5), this induces the self-duality
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e∗ES p(N)r. Thus taking theΛr-dual of the exact sequence:

∗ i ∗

w that

.5.2)

.5.6).
assume

(3.3.1),
of
0→ e ES p(N)r → e GES p(N)r →Cp(N)r(−1)→ 0(3.5.4)

we obtain an exact sequence:

0→Cp(N)r(−1)∨→ e∗MS p(N)r
π→ e∗ES p(N)r → 0(3.5.5)

where π is the natural surjection. We have especially shown thatB := Ker(π) is a free
Λr-module, in general. From (1.3.3), (ii), we have a natural action ofe∗H∗(N ; r) on
e∗MS p(N)r, which induces the original action ofe∗h∗(N ; r) on the quotiente∗ES p(N)r. Now
taking theΛr-dual of the diagram (3.5.2), we obtain:

0 0

0 Λr(e∗e∞)∨ B̃∗∨∞,r,M∗ B∗∨∞,r,M∗ 0

0 BM∗ e∗MS p(N)r,M∗ e∗ES p(N)r,M∗ 0

X∨+ X∨+

0 0

(3.5.6)

The middle horizontal sequence is the one labelled as (IV) in (1.5.5). Here, we already kno
the two horizontal sequences split uniquely as modules overH∗ when tensored withLk overΛr.

When(θ,ψ) = (ω−2,1), we already know that the upper horizontal exact sequence in (3
splits as modules overH∗, and hence the same holds for the lower horizontal sequence in (3
This shows the vanishing of the congruence module in question in this case. We may thus
that(θ,ψ) �= (ω−2,1).

As in Section 3.4, we choose a geometric FrobeniusΦp ∈Gal(Qp/Qp) such thatκ(Φp) = 1
in the following:

LEMMA (3.5.7). –Let the integeri mod (p − 1) be defined by(3.4.7). Through the
natural action of Gal(Q/Q) on e∗MS p(N)r, σ ∈ Ip acts trivially on B̃∗∨∞,r,M∗ and as
ω−i−1(σ)〈κ(σ)〉−1ι(〈κ(σ)〉−1) on X∨+. Wheni ≡ −1 mod (p − 1), Φp acts asT ∗(p) on

B̃∗∨∞,r,M∗ , and as(θψω)(p)T ∗(p)−1 onX∨+, respectively.

Proof. –This directly follows from the known facts fore∗GES p(N)r,M∗ ((3.4.2), (3.4.10)
and [16], (1.3.8)) and (1.3.3).✷

It easily follows from this that the congruence modules (of the form “t(B)/A”) attached to
two horizontal sequences in (3.5.6) are isomorphic. On the other hand, by (3.5.3) and
the upper horizontal sequence in (3.5.6) tensored withΛo overΛr can be described in terms
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Hecke algebras:

Λ (e∗e )∨ ˜ ∗∨ B∗∨ ∗

-

.2, we
ase
hic to

l ideal

ttached

odule

n

6.7)

ce:

ms
0 o ∞ B∞,o,M∗

	

∞,o,M

	

0

0 Λo(e∗e∞)∨ eH(N ;o)M
canon.

eh(N ;o)M 0.

(3.5.8)

Now fix an isomorphismΛr(e∗e∞)∨ ∼= Λr. Let t : B̃∗∨∞,r,M∗ ⊗Λr
Lk → Lk be the homomor

phism giving the splitting of the exact sequence in question, andt′ : B̃∗∨∞,o,M∗ ⊗Λo
LK →LK

its LK -linear extension. Then, from the diagram above and the argument in Section 3
see thatt′(B̃∗∨∞,o,M∗) is a freeΛo-module of rank one. In addition, we see from the c
(II) of (1.5.5) and (1.1.7) that the congruence module attached to (3.5.8) is isomorp
Λo/(A(T ; θ,ψ)). These imply that

t′
(
B̃∗∨∞,o,M∗

)
=

1
A(T ; θ,ψ)

Λo(3.5.9)

which in turn implies that

A(T ; θ,ψ)t
(
B̃∗∨∞,r,M∗

)
⊆ Λr.

But if the equality does not hold here, the left-hand side must be contained in the maxima
(T,4) of Λr, which evidently contradicts (3.5.9).

This settles the case (IV), and we have completed the proof of our main result (1.5.5).

Remark(3.5.10). – In [1], Greenberg and Stevens considered the congruence module a
to (3.5.5) (with its canonical splitting), and raised the problem of analyzing its structure.

More precisely, the relation between the terminology of [1] and ours is as follows: The m
D in [1] is isomorphic toZp❏(Z2

p)
′❑ with(

Z2
p

)′
:=

{
[a, c] | a, c∈ Zp, aZp + cZp =Zp

}
,

and these are acted on byM2(Zp) from the right ([1], p. 431). Let

Z0 :=
{[

a
c

]
| a, c ∈ Zp, aZp + cZp =Zp

}
.

Then the obvious bijection(Z2
p)
′↔ Z0 given by[a, c]↔ [−c

a ] transforms the above right actio
of g ∈ M2(Zp) to the left action ofg∗ on Z0 defined in a similar manner as in [1], where∗
denotes the canonical involution. Via this isomorphism, we may identify SymbΓ1(N)(D) with
HomΓ1(N)(D0,Zp❏Z0❑) = MS p(N)Zp (cf. [14], (1.2.12)), and hence the exact sequence (
in [1] with

0→Ker(canon.)→ MS p(N)Zp

canon.−→ ESp(N)Zp → 0.

On the other hand, in [1], the Hecke operatorsTn and[m] are considered. Here,n andm are
positive integers andm is prime toNp. Let WN := [ 0 −1

N 0 ]. For f ∈ HomΓ1(N)(D0,Zp❏Z0❑),
we definef | WN by f | WN (d) := W ∗Nf(WNd). It is then clear that the corresponden
f �→ f | WN gives an automorphism of HomΓ1(N)(D0,Zp❏Z0❑). A direct calculation, using
results of [13], 7.3 and 7.4, shows that the conjugation by this automorphism transforTn
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(resp.[m]) to ourT ∗(n) (resp.T ∗(m,m)). It follows that the moduleC defined on [1], p. 444 is
isomorphic to the congruence module attached to (3.5.5) withr = Zp as aΛZp-module.

We have determined the structure of the localizations of the congruence module attached to

r

k [2]
r
ix

above

s case

this
(3.5.5) at “primitive” (in the sense thatuv = N or Np) and non-exceptionalM∗(θ,ψ) when
p � ϕ(N), which gives a partial solution to the problem of Greenberg and Stevens.

Appendix A. Construction of abelian p-extensions over Zp-extensions

A.1. The extension L/F∞

We keep the notation of the text. Especially, we fixp, N and(θ,ψ), and assume (1.5.2) fo
them.r is the ring of integers of a finite extensionk of Qp containing the values ofθ andψ.

In [15], Section 5 and [16], Section 3, we applied the method of Harder and Pin
and Kurihara [9] toe∗ES p(N)r to construct large unramified abelian pro-p extensions ove
cyclotomicZp-extensions of abelian number fields, whenψ = 1. The purpose of this append
is to show that one can apply the same technique for general(θ,ψ) (such thatθψ−1 �= ω−2) as
above, which will also settle the case (II) of (1.5.5). When the argument is parallel to the
mentioned works, we will be brief, referring the details to them.

In the following, we argue under the assumption that the idealm∗ := m∗(θ,ψ) defined in
(1.5.1)is a proper ideal of the Hecke algebrae∗h∗(N ; r), which assures us that

h∗ := e∗h∗(N ; r)M∗ = e∗h∗(N ; r)m∗

is not a zero ring. As for (1.5.5), (II), when(θ,ψ) = (ω−2,1), we will soon arrive at a
contradiction to this assumption, while otherwise, we have reduced the problem to thi
in Section 3.2.

Now recall that we have setX := e∗ES p(N)r,M∗ = e∗ES p(N)r,m∗ , and thatX is a direct
sum ofX+ :=XIp andX− defined in Section 3.4. We know thatX− ⊗Λr

Lk (resp.X+) is a
freeh∗⊗Λr

Lk-module (resp. freeh∗-module) of rank one. We fix bases of these modules in
order, and realize the Galois representationρ (3.4.4) in the form:

ρ(σ) =
[
a(σ) b(σ)
c(σ) d(σ)

]
∈GL2(h∗ ⊗Λr

Lk).(A.1.1)

Thus by construction,

ρ(σ) =
[
detρ(σ) 0

∗ 1

]
if σ ∈ Ip(A.1.2)

and recall thatdetρ is in general given by (3.4.5).
Let J∗ be the ideal ofh∗ generated byT ∗(p)− ψ(p) and allT ∗(l)− (θ(l)lι(〈l〉) + ψ(l)) for

prime numbersl not dividingNp. This is clearly contained inI∗ := I∗(θ,ψ)h∗. Noting that,
wheni≡−1 mod(p− 1),

ρ(Φp) =
[
(θψω)(p)T ∗(p)−1 0

0 T ∗(p)

]
≡
[
(θω)(p) 0

0 ψ(p)

]
modJ∗

for a geometric Frobenius atp such thatκ(Φp) = 1, we have the following:
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LEMMA (A.1.3). –For anyσ, τ ∈Gal(Q/Q), the elements

a(σ)− detρ(σ)ψ(σ), d(σ)− ψ(σ)−1 and b(σ)c(τ)
are contained inJ∗.
The sets {

a(σ)− detρ(σ)ψ(σ) | σ ∈Gal(Q/Q)
}

and {
d(σ)− ψ(σ)−1 | σ ∈Gal(Q/Q)

}
generate the same idealJ∗0 of h∗. If i �≡ 0 mod(p− 1), we in fact haveJ∗0 = J∗.

DEFINITION (A.1.4). – We denote byB andC theh∗-submodule ofh∗⊗Λr
Lk generated by

all b(σ) andc(σ) for σ ∈Gal(Q/Q), respectively.

From the lemma above,BC is an ideal ofh∗ contained inJ∗.

LEMMA (A.1.5). –BC containsT ∗(l)− (θ(l)lι(〈l〉) +ψ(l)) for infinitely many primesl not
dividingNp. If i �≡ 0,−1 mod(p− 1), thenBC in fact coincides withJ∗. As a consequence,B
andC are faithfulh∗-modules.

Now consider the mapping defined by

ϕ(σ) :=
[
detρ(σ)ψ(σ) b(σ)

0 ψ(σ)−1

]
,(A.1.6)

where the bar indicates the reduction moduloI∗: detρ(σ), ψ(σ) ∈ h∗/I∗ andb(σ) ∈ B/I∗B.
Under the matrix product in the obvious sense,ϕ gives a representation ofGal(Q/Q).

Let F be the abelian extension ofQ corresponding to the intersection of the kernels ofθω
andψ. From our assumption, the degree ofF overQ is prime top. Let F∞ be the cyclotomic
Zp-extension ofF , and as usual, we set{

∆ :=Gal(F/Q),
Γ :=Gal(F∞/F ),

(A.1.7)

so that we have an identification: Gal(F∞/Q) =∆× Γ. On the other hand, let
L0 := (the field corresponding to Ker(ϕ)),
L := L0 ·F∞,
K := (the field corresponding to{σ ∈Gal(Q/Q) | detρ(σ) = 1, ψ(σ) = 1}).

(A.1.8)

Clearly,L/F∞ is a pro-p abelian extension, andK ⊆ F∞. It is easy to see thatK ⊇ F . From
(A.1.2), we see that the primes abovep are unramified inL0/K , while the primes abovep ramify
totally in F∞/F . We therefore obtain

Gal(L0/K)∼=Gal(L/F∞) ↪→B/I∗B(A.1.9)

by σ �→ b(σ).
Gal(F∞/Q) acts on Gal(L/F∞) via the conjugation. Recall that we have setξ := θψ−1

(1.5.3), in the following:
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LEMMA (A.1.10). –IdentifyGal(L/F∞) with its image inB/I∗B via (A.1.9). Then on this
module, the action of∆ is given by the character(ξω)−1, and the action ofγ ∈ Γ is given by
〈κ(γ)〉−1ι(〈κ(γ)〉−1).

e
ws
n

by
nd

a

of

y,

se
Let r0 be the ring generated by the values ofξ overZp. The lemma above implies that th
image of Gal(L/F∞) is aΛr0 -submodule ofB/I∗B. A computation of some commutator sho
that the image ofGal(L/F∞) in fact generatesB/I∗B as aΛr-module; i.e. we have a surjectio
of Λr-modules

Gal(L/F∞)⊗r0 r �B/I∗B.(A.1.11)

Now consider the case where(θ,ψ) = (ω−2,1). ThenL is an unramified abelian pro-p
extension of the cyclotomicZp-extension ofQ(ζp), whose Galois group is acted on
Gal(Q(ζp)/Q) via the characterω. As is well-known, such an extension must be trivial, a
hence (A.1.11) forcesB to be {0}. This contradiction impliesI∗(θ,ψ) = e∗h∗(N ; r), which
completes the proof of (1.5.5), (II) in this case.

We thus henceforth assume that(θ,ψ) �= (ω−2,1), and note that the power seriesA(T ; θ,ψ)
belongs toΛr0 . The lemma above states that the action ofZp❏∆ × Γ❑ on Gal(L/F∞) factors
throughr0❏Γ❑ via (ξω)−1. We fix a topological generatorγ0 of Γ and let it correspond to
topological generatorκ(γ0) =: u0 ofU1, which givesr0❏Γ❑∼=Λr0 , the latter being identified with
r0❏T ❑ via u0 ↔ 1 + T . The resulting (Iwasawa theoretic)Λr0 -module structure of Gal(L/F∞)
and the older one are transformed to each other by the (involutive)r0-automorphism

1 + T ↔ u−1
0 (1 + T )−1

of Λr0 = r0❏T ❑. In view of this, we set
F
(
T, ξω2

)
:=G

(
u−1

0 (1 + T )−1 − 1, ξω2
)
,

B(T ; θ,ψ) :=
( ∏

l|N
l�cond(ξ)

(
(1 + T )s(l) − (ξω)(l)l

))
F
(
T, ξω2

)(A.1.12)

so thatF (us
0 − 1, ξω2) = Lp(s, ξω2) (cf. (1.4.5)), andB(T ; θ,ψ) generates the same ideal

Λr0 asA(u−1
0 (1 + T )−1 − 1; θ,ψ).

THEOREM (A.1.13). –If we considerGal(L/F∞) as aΛr0 -module Iwasawa theoreticall
then we have {FittΛr0

(Gal(L/F∞))⊆B(T ; θ,ψ)Λr0 ,

charΛr0
(Gal(L/F∞))⊆B(T ; θ,ψ)Λr0 ,

whereFittΛr0
(resp. charΛr0

) means the Fitting ideal(resp. the characteristic ideal) of a
Λr0-module.

Proof. –The first assertion is equivalent to saying that

FittΛr0

(
Gal(L/F∞)

)
⊆A(T ; θ,ψ)Λr0

with respect to the older description of theΛr0 -module structure above, which we now propo
to prove.

First note that, from the definition of the Fitting ideal, we have

FittΛr0

(
Gal(L/F∞)

)
Λr =FittΛr

(
Gal(L/F∞)⊗r0 r

)
.
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But it follows from (A.1.11) that

FittΛr

(
Gal(L/F∞)⊗r0 r

)
⊆ FittΛr

(B/I∗B).

t

e

.
t

gs.
Let h∗/I∗ =Λr/a with an ideala of Λr. (A.1.5), (3.1.9) and a standard argument imply

FittΛr
(B/I∗B)⊆ a⊆A(T ; θ,ψ)Λr.

Combining these, we have

FittΛr0

(
Gal(L/F∞)

)
Λr ⊆A(T ; θ,ψ)Λr,

i.e. every element of FittΛr0
(Gal(L/F∞)) is divisible byA(T ; θ,ψ) in Λr, and hence inΛr0

also.
We next deduce the latter assertion from the former: There is aΛr0 -moduleE of the form⊕m
i=1 Λr0/P

ei

i which is pseudo-isomorphic to Gal(L/F∞), wherePi are prime ideals ofΛr0

of height one (the “elementaryΛr0 -module associated with Gal(L/F∞)”). We thus obtain exac
sequences of finitely generated torsionΛr0-modules{

0→ F1 →E→E′→ 0,
0→E′→Gal(L/F∞)→ F2 → 0,

with F1 andF2 finite.
Now from the properties 1, 5, 9 and 11 in the appendix of [11], respectively, we obtain:

FittΛr0
(E)⊆ FittΛr0

(E′),
FittΛr0

(E) = charΛr0
(E) = charΛr0

(Gal(L/F∞)),
FittΛr0

(E′) ·FittΛr0
(F2)⊆ FittΛr0

(Gal(L/F∞)),

FittΛr0
(F2)⊇ (p,T )l with l= lengthΛr0

(F2).

Putting all these together, we conclude that

charΛr0

(
Gal(L/F∞)

)
· (p,T )l ⊆ FittΛr0

(
Gal(L/F∞)

)
from which our claim follows. ✷
A.2. Characteristic power series of Gal(L/F∞)

In this final subsection, we show that the “extra factor” appearing inB(T ; θ,ψ) corresponds
to the ramification inL/F∞ of primes abovel such thatl |N andl � cond(ξ), and we determin
the characteristic power series of Gal(L/F∞), whenξ �= ω−2.

We already know that the extensionL/F∞ is unramified outsideN . We fix a primel dividing
N in the following. There are only finitely many primes ofF∞ abovel, and letl1, . . . , lm be
all such primes. LetL(l) be the maximal subextension ofL/F∞ in which all li are unramified
This is a Galois extension ofQ. By class field theory,Gal(L/L(l)) is isomorphic to a quotien
of lim←−n

∏
λ|l o

×
Fn,λ. Here,Fn is thenth layer of theZp-extensionF∞/F , oFn,λ is theλ-adic

completion of the ring of integers ofFn, and the projective limit is relative to the norm mappin
SinceGal(L/F∞) is a pro-p group, it is also isomorphic to a quotient oflim←−n

∏
λ|l k(oFn,λ)×, k
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meaning the residue field. Again by class field theory, the action ofGal(F∞/Q) onGal(L/L(l))
corresponds to the natural action onlim←−n

∏
λ|l k(oFn,λ)×. Considering the action of the inertia

group ofl in ∆, we see from (A.1.10) thatL= L(l) whenl | cond(ξ). (This argument is due to

h

If

e

and
Mazur and Wiles ([11], Chapter 1, Section 8).)

LEMMA (A.2.1). –Assume thatl dividesN , but does not dividecond(ξ). ThenGal(L/L(l))
is a cyclicr0❏Γ❑-module annihilated by

(1 + T )s(l) − (ξω)(l)l=: bl(T ) ∈ r0❏Γ❑=Λr0 .

Proof. –In this case, theGal(F∞/Q)-module Gal(L/F∞) is unramified atl, by lemma
(A.1.10). Moreover, the same lemma, after the “change of variable”1 + T ↔ u−1

0 (1 + T )−1,
implies that the Iwasawa theoretic action of a geometric FrobeniusΦl ∈Gal(F∞/Q) at l is given
by (ξω)(l)(1+T )−s(l). On the other hand,Φl acts onlim←−n

∏
λ|l k(oFn,λ)× as multiplication by

l−1 (if we consider this group as an additive group). It follows that Gal(L/L(l)) is annihilated
by (ξω)(l)(1 + T )−s(l) − l−1, and hence by its unit multiplebl(T ) also.

For n large enough, the restrictionsln,i of li to Fn give m distinct primes, and eac
lim←−n�0k(oFn,ln,i)× is a pro-cyclic group. SinceGal(F∞/Q) acts transitively on{l1, . . . , lm},

we conclude thatGal(L/L(l)) is a cyclic module overZp❏∆×Γ❑, and hence overΛr0 . ✷
THEOREM (A.2.2). –Consider Gal(L/F∞) as a Λr0 -module Iwasawa theoretically.

ξ �= ω−2, then we have

charΛr0

(
Gal(L/F∞)

)
=B(T ; θ,ψ)Λr0 .

Proof. –Let l be a prime such thatl |N but l � cond(ξ). From the exact sequence:

0→Gal
(
L/L(l)

)
→Gal(L/F∞)→Gal

(
L(l)/F∞

)
→ 0

of Λr0 -modules and the lemma above we see that:

charΛr0

(
Gal(L/F∞)

)
⊇ bl(T ) · charΛr0

(
Gal(L(l)/F∞)

)
.

Let Lur be the maximal everywhere unramified subextension ofL/F∞. Then repeating th
argument above, we obtain

charΛr0

(
Gal(L/F∞)

)
⊇
( ∏

l|N
l�cond(ξ)

bl(T )
)
charΛr0

(
Gal

(
Lur/F∞

))
.

By (A.1.13), the left-hand side is contained inB(T ; θ,ψ)Λr0 , and we note that this implies

F
(
T, ξω2

)
Λr0 ⊇ charΛr0

(
Gal

(
Lur/F∞

))
.

However, since we assumed thatξω2 �= 1, the Iwasawa main conjecture proved by Mazur
Wiles [11] (cf. also [16]) assures us the reverse inclusion, i.e.:

charΛr0

(
Gal(L/F∞)

)
⊇B(T ; θ,ψ)Λr0 . ✷
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During the course of the proof above, we have constructed large enough unramified extension
Lur of F∞ using the Galois representation one∗ES p(N)r,m∗ with m∗ = m∗(θ,ψ). More
precisely, for the same reason as [15], (5.3.20), we have:

d

uct

wing

o take
13–14

t

s

on
e proof

y
f
6),
ith the

f
d side

ty) for
COROLLARY (A.2.3). –Again assume thatξ �= ω−2. Let L∞ be the maximal unramifie
pro-p abelian extension ofF∞. ThenLur above is the subextension ofL∞/F∞ corresponding to
the quotientGal(L∞/F∞)⊗Zp[∆] r0 of the Galois group, where we consider the tensor prod
via (ξω)−1 :∆→ r

×
0 .

In Section 3.2, we left a part of the proof of (1.5.5) in the case (II) unproved. The follo
corollary covers this lacuna:

COROLLARY (A.2.4). –h∗/I∗ is isomorphic toΛr/(A(T ; θ,ψ)) as aΛr-algebra.

Proof. –We have proved this under the assumption thatψ �= 1 in Section 3.2. Since

(θ,ψ) �=
(
ω−2,1

)
,

we may assume thatξ �= ω−2. Consider Gal(L/F∞) as aΛr0 -submodule ofB/I∗B. Then from
the proof of (A.1.13) and (A.2.2), we have

A(T ; θ,ψ)Λr ⊇ a ⊇ FittΛr0

(
Gal(L/F∞)

)
Λr ⊇A(T ; θ,ψ)(p,T )lΛr.

Our assertion follows from this, because we already know thata is a principal ideal by
(1.1.9). ✷

Corrections to [15]

During the preparation of this paper, the author found errors in [15], and he would like t
this opportunity to correct them. These are caused by two misobservations: p. 256, lines
and p. 261, line 11, which are no longer true whenK is not finite overQp. (A non-zero elemen
of Λo can have zeros of the formζud − 1 for infinitely many roots of unityζ of p-power orders
even for a fixedd; while the ring of integers of a finite extension ofK can be of infinite type a
ano-module.) The proofs of (2.4.6) and (2.4.7) should be corrected as follows:
• They are valid whenK is finite overQp. However, for the estimate of the rank given

p. 262, line 7 (in this case), we should have also appealed to the first statement in th
of (2.4.6).
• In general, for a givend � 0 and a non-zeroF (T ) ∈ Λo, it is true that there are infinitel

many charactersε of U1 such thatF (ε(u)ud − 1) �= 0. Assume thatK contains all the roots o
unity of p-power orders and theϕ(N)th roots of unity for the moment. Then the proof of (2.4.
given after p. 261, line 22, and the statement concerning the rank in (2.4.7) remain valid w
remark above, for such aK .
• LetK be as above. Then, at the end of the proof of (2.4.6), we can choose{F1, . . . ,Fr} from

eM ′k(N ;ΛZp). Consequently,eM ′k(N ;Λo) = eM ′k(N ;ΛZp)⊗ΛZp
Λo, and it is independent o

k � 2. The equality given on p. 262, line 12 also follows from this, because the right-han
is contained in(1/D(T ))(ΛoF1 + · · ·+ΛoFr) with a non-zeroD(T ) ∈ΛZp .
• The validity of the statements (2.4.6) and (2.4.7) (and the above mentioned equali

generalK follows from this.
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